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INTRODUCTION. 


“How charming is divine philosophy ! 
Not harsh and crabbed as dull fools suppose, 
But musical as is Apollo’s lute, 
And a perpetual feast of nectar’d sweets, 
Where no crude surfeit reigns !”—Comus. 


In the first section of the ensuing memoir, which is divided into five 
sections, I consider the nature and properties of the residues which result 
from the ordinary process of successive division (such as is employed for the 
purpose of finding the greatest common measure) applied to f(x) and ¢ («), 
two perfectly independent rational integral functions of œ. Every such 
residue, as will be evident from considering the mode in which it arises, 
is a syzygetic function of the two given functions; that is to say, each of the 
given functions being multiplied by an appropriate other function of a given 
degree in w, the sum of the two products will express a corresponding residue. 
These multipliers, in fact, are the numerators and denominators to the 
successive convergents to 2e expressed under the form of a continued frac- 


Se 


tion. If now we proceed à priori by means of the given conditions as to 


* Conjugate would imply something very different from Syzygetic, namely, a theory of the 
Invariantive properties of a system of two algebraical functions. 
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the degree in x of the multipliers and of any residue, to determine such 
residue, we find, as shown in Art. 2, that there are as many homogeneous 
equations to be solved as there are constants to be determined ; accordingly, 
with the exception of one arbitrary factor which enters into the solution, 
the problem is definite; and if it be further agreed that the quantities 
entering into the solution shall be of the lowest possible dimensions in 
respect of the coefficients of f and ¢, and also of the lowest numerical 
denomination, then the problem (save as to the algebraical sign of plus or 
minus) becomes absolutely determinate, and we can assign the numbers 
of the dimensions for the respective residues and syzygetic multipliers. 
The residues given by the method of successive division are easily seen not 
to be of these lowest dimensions; accordingly there must enter into each 
of them a certain unnecessary factor, which, however, as it cannot be 
properly called irrelevant, I distinguish by the name of the Allotrious 
Factor. The successive residues, when divested of these allotrious factors, 
I term the Simplified Residues, and in Arts. 3 and 4 I express the 
allotrious factor of each residue in terms of the leading coefficients of the — 
preceding simplified residues of f and ¢. In Art. 5 I proceed to determine 
by a direct method these simplified residues in terms of the coefficients 
of f and ¢. Beginning with the case where f and ¢ are of the same 
dimensions (m) in v, I observe that we may deduce, from fand ¢, m linearly 
independent functions of æ each of the degree (m—1) in a, all of them 
syzygetic functions of f and ¢ (vanishing when these two simultaneously 
vanish), and with coefficients which are made up of terms, each of which | 
is the product of one coefficient of f and one coefficient of ¢. These, in fact, 
are the very same m functions as are employed in the method which goes 
by the name of Bezout’s abridged method to-obtain the resultant to (that is, 
the result of the elimination of æ performed upon) f and ¢. As these derived 
functions are of frequent occurrence, I find it necessary to give them a name, 
and I term them the m Bezoutics or Bezoutian Primaries; from these m 
primaries m Bezoutian secondaries may be deduced by eliminating linearly 
between them in the order in which they are generated,—first, the highest 
power of æ between two, then the two highest powers of æ between three, 
and finally, all the powers of æ between them all: along with the system 
thus formed it is necessary to include the first Bezoutian primary, and to 
consider it accordingly as being also the first Bezoutian secondary; the last 
Bezoutian secondary is a constant identical with the Resultant of f and ¢. 
When the m times m coefficients of the Bezoutian primaries are conceived 
as separated from the powers of æ and arranged in a square, I term such 
square the Bezoutic square. This square, as shown in Art. 7, is sym- 
metrical about one of its diagonals, and corresponds therefore (as every 
symmetrical matrix must do) to a homogeneous quadratic function of m 
variables of which it expresses the determinant. This quadratic function, 
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which plays a great part in the last section and in the theory of real roots, 
I term the Bezoutiant; it may be regarded as a species of generating 
function. Returning to the Bezoutic system, I prove that the Bezoutian 
secondaries are identical in form with the successive simplified residues. 
In Art. 6 I extend these results to the case of f and ¢ being of different 
dimensions in æ. In Art. 7 I give a mechanical rule for the construction 
of the Bezoutic square. In Art. 8 I show how the theory of f(x) and ¢ (a), 
where the latter is of an inferior degree to f, may be brought under the 
operation of the rule applicable to two functions of the same degree at the 
expense of the introduction of a known and very simple factor, which in fact 
will be a constant power of the leading coefficient in f(s). In Art. 9 I give 
another method of obtaining directly the simplified residues in all cases, 
In Art. 10 I present the process of successive division under its’ most general - 
aspect. In Arts. 11 and 12 I demonstrate the identity of the algebraical 
sign of the Bezoutian secondaries with that of the simplified residues, 


generated by a process corresponding to the development of = under the 
form of an improper continued fraction (where the negative sign takes the 
place of the positive sign which connects the several terms of an ordinary 
continued fraction). As the simplified residue is obtained by driving out 
an allotrious factor, the signs of the former will of course be governed by the 
signs accorded by previous convention to the latter; the convention made is, 
that the allotrious factors shall be taken with a sign which renders them 
always essentially positive when the coefficients of the given functions are 
real. I close the section with remarking the relation of the syzygetic 
factors and the residues to the convergents of the continued fraction which 


pu 


expresses it and of the continued fraction which is formed by reversing 
the order of the quotients in the first named fraction. 


In the second section I proceed to express the residues and syzygetic 
multipliers in terms of the roots and factors of the given functions; the 
method becoming as it may be said endoscopic instead of being ewxoscopic*, 
as in the first section. I begin in Arts. 14 and 15 with obtaining in this 


* These words admit of an extensive and important application in analysis. Thus the 
methods for resolving an equation (or to speak more accurately, for making one equation depend 
upon another of a simpler form) furnished by Tschirnhausen and Mr Jerrard (although not so 
presented by the latter) are essentially exoscopic; on the other hand, the methods of Lagrange 
and Abel for effecting similar objects are endoscopic. So again, the memoir of Jacobi, “De 
Eliminatione,”’ hereinafter referred to, takes the exoscopic, and the valuable “ Nota ad Elimina- 
tionem pertinens” of Professor Richelot in Crelle’s Journal, the endoscopic view of the subject. 
In the present memoir (in which the two trains of thought arising out of these distinct views are 
brought into mutual relation) the subject is treated (chiefly but not exclusively) under its 
endoscopic aspect in the second, third and fourth sections, and exoscopically in the first and last 
sections. 
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way, under the form of a sum or double sum of terms involving factors 
and roots of f and ¢, and certain arbitrary functions of the roots in each 
term, a general representative, or to speak more precisely, a group of general 
representatives for a conjunctive of any given degree in æ to f and 9, that is, 
a rational integral function of æ, which is the sum of the products of f and 
¢ multiplied respectively by rational integral functions of x, so as to vanish 
of necessity when f and ¢ simultaneously vanish. This variety of representa- 
tives refers not merely to the appearance of arbitrary functions, but to an 
essential and precedent difference of representation quite irrespective of such 
arbitrariness. 


In Arts. 16, 17, 18, 19, 20, 21, I show how the arbitrary form of function 
entering into the several terms of any one (at pleasure) of the formule that 
represent a conjunctive of any given degree may be assigned, so as to make 
such conjunctive identical in form with a simplified residue of the same 
degree. The form of arbitrary function so assigned, it may be noticed, 
is a fractional function of the roots, so that the expression becomes a sum 
or double sum of fractions. I first prove in Arts. 16, 17 that such sum is 
essentially integral, and I determine the weight of its leading coefficient in 
respect of the roots of f and ¢ (this weight being measured by the number 
of roots of f and ¢ conjointly, which appear in any term of such coefficient). 
Now in the succeeding articles I revert to the Bezoutic system of the first 
section, and beginning with the supposition of m and n being equal, I demon- 
strate that the most general form of a conjunctive of any degree in æ will be 
a linear function of the Bezoutics, from which it is easy to deduce that the 
simplified residues of any given degree in æ are the conjunctives whose 
weight in respect of the roots is a minimum; so that all conjunctives having 
that weight must be identical (to a numerical factor près), and any integral 
form of less weight apparently representing a conjunctive must be nugatory, 
every term vanishing identically. These results are then extended to the 
case of two functions of unlike degrees. The conclusion is, that the weight 
of the forms assumed in Arts. 16 and 17 being equal to the minimum weight, 
they must (unless they were to vanish, which is easily disproved) represent 
the simplified residues, or which is the same thing, the Bezoutian secondaries. 


We thus obtain for each simplified residue a number of essentially 
distinct forms of representation, but all of which must be identical to a 
numerical factor près, a result which leads to remarkable algebraical 
theorems. 


The number of these different formule depends upon the degree of the 
residue; there being only one for the last or constant residue, two for the 
last but one, three for the last but two, and soon. The formule continue to 
have a meaning when their degree in æ exceeds that of f or $; but then, 
as although always representing conjunctives, they no longer represent 


www.rcin.org.pl 


57] of two Algebraical Functions. 433 


residues, this identity no longer continues to subsist. In Arts. 22, 23, 24, 25, 
I enter into some developments connected with the general formulæ in 
question ; these, it may be observed, are all expressed by means of fractions 
containing in the numerator and denominator products of differences; the 
differences in the numerator products being taken between groups of roots 
of f and groups of roots of ġ; and in the denominator between roots of f 
inter se and roots of ġ inter se. A great enlargement is thus opened out to 
the ordinary theory of partial fractions. 


In Art. 26 I find the numerical ratios between the different formule 
which represent (to a numerical factor prés) the same simplified residue, 
and in Arts. 27 and 28 I determine the relations of algebraical sign of these 
formule to the simplified residues or Bezoutian secondaries. In Art. 29 
I determine the syzygetic multipliers corresponding to any given residue 
in terms of the factors and roots of the given functions; but the expressions 
for these, which are closely analogous to those for the residues, cease to be 
polymorphic. They are obtained separately from the syzygetic equation, 
and it is worthy of notice, that to obtain the one we use the first of the 
polymorphic expressions for the residue, and to obtain the other the opposite 
extremity of the polymorphic scale. In the subsequent articles of this 
section, by aid of certain general properties of continued fractions, I establish 
a theorem of reciprocity between the series of residues and either series of 
syzygetic multipliers. 


Section III. is devoted to a determination of the values of the preceding 
formulæ for the residues and multipliers in the case applicable to M. Sturm’s 
theorem, where ġæ becomes the differential derivative of fx. It becomes 
of importance to express the formule for this case in terms of their roots 
and factors of fx alone, without the use of the roots and factors of f’«, which 
will of course be functions of the former. 


By selecting a proper form out of the polymorphic scale, the fractional 
terms of the series for each residue in this case become separately integral, 
and we obtain my well-known formule for the simplified residues (Sturm’s 
reduced auxiliary functions) in terms of the factors and the squared differ- 
ences of partial groups of roots. This is shown in Art. 35. In Art. 36 the 
multiplier of f’æ in the syzygetic equation is expressed by formule of equal 
simplicity, and in a certain sense complementary to the former. This 
method, however, does not apply to obtaining expressions for the multiplier 
of fæ in the same equation in terms of the roots and factors of fx; for the 
separate fractions whose sum represents any one of these factors, it will 
be found, do not admit of being expressed as integral functions of the roots 
and factors. To obviate this difficulty I look to the syzygetic equation itself, 
which contains five quantities, namely, the given function, its first differential 
derivative, the residue of a given degree, and the two multipliers, all of 

S. 28 
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which, except the multiplier of fx, are known, or have been previously deter- 
mined as rational integral functions of the roots and factors of fx. I use 
this equation itself for determining the fifth quantity, the multiplier in 
question. To perform the general operations by a direct method required 
for this would be impossible; the difficulty is got over by finding, by means 
of the syzygetic equation, the particular form that the result must assume 
when certain relations of equality spring up between the roots of fa; and 
then, by aid of these particular determinations, the general form is demon- 
stratively inferred. 


This investigation extends over Arts. 38, 39, 40, 41, 42, 43. It turns 
out that the expressions for the multipliers of fe are of much greater 
complexity than for the multipliers of f’# or for the residues. Any such 
multiplier consists of a sum of parts, each of which, as in the case of the 
residues and the factors of f’z, is affected with a factor consisting of the 
squared differences of a group of roots; but the other factor, instead of being 
simply (as for the residues and factors before mentioned) a product of certain 
factors of fx, consists of the sum of a series of products of sums of powers 
by products of combinations of factors of fx, each of which series is affected 
with the curious anomaly of its last term becoming augmented in a certain 
numerical ratio beyond what it should be in order to be conformable to the 
regular flow of the preceding terms in the series*. 


The fourth section opens with the establishment of two propositions 
concerning quadratic functions which are made use of in the sequel. Art. 44 
contains the proof of a law which, although of extreme simplicity, I do not 
remember to have seen, and with which I have not found that analysts are 
familiar: I mean the law of the constancy of signs (as regards the number 
of positive and negative signs) in any sum of positive and negative squares 
into which a given quadratic function admits of being transformed by 
substituting for the variables linear functions of the variables with real 
coefficients. This constant number of positive signs which attaches to 
a quadratic function under all its transformations, which is a transcen- 
dental function of the coefficients invariable for real substitutions, may be 
termed conveniently its inertia, until a better word be found. This inertia 
it is shown in Art. 45, by aid of a theorem identical with one formerly given 
by M. Cauchy, is measured by the number of combinations of sign in the 
series of determinants of which the first is the complete determinant of the 
function, the second, the determinant when one variable is made zero, the 
next, the determinant when another variable as well as the first is made 
zero, and so on, until all the variables are exhausted, and the determinant 


* The syzygetic multipliers are identical with the numerators and denominators (expressed in 
their simplest form) of the successive convergents to the continued fraction which expresses K . 
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becomes positive unity. In Art. 46 I give some curious and interesting 
expressions for the residues and syzygetic multipliers, under the form of 
determinants, communicated to me by M. Hermite; and in Art. 47 I show 
how, by the aid of the generating function which M. Hermite employs, 
and of the law of inertia stated at the opening of the section, an instan- 
taneous demonstration may be given of the applicability of my formulæ for 
M. Sturm’s functions for discovering the number of real roots of fx, without 
any reference to the rule of common measure; and moreover, that these 
formule may be indefinitely varied, and give the generating function, out 
of which they may be evolved, in its most general form. Had the law of 
inertia been familiar to mathematicians, this constructive and instantaneous 
method of finding formule for determining the number of real roots within 
prescribed limits would, in all probability, have been discovered long ago, 
as an obvious consequence of such law. I then proceed in Arts. 48 and 49, 
to inquire as to the nature of the indications afforded by the successive 
simplified residues to two general functions f and ¢; and I find that the 
succession of signs of these residues serves to determine the number of roots 
of f or @ comprised between given limits, after all pairs of roots of either 
function contained within the given limits and not separated by roots of the 
other function have been removed, and the operation, if necessary, repeated 
toties quoties until no two roots of either function are left unseparated by 
roots of the other; or in other words, until every root finally retained in one 
function is followed by a root of the other, or else by one of the assigned 
limits. The system of roots comprised between given limits thus reduced 
I call the effective scale of intercalations; such a scale may begin with a root 


of the numerator or of the denominator of = and upon this and the 


relative magnitudes of the greatest root of dx and fx it will depend whether 
in the series of residues (among which fæ and x are for this purpose to be 
counted) changes will be lost or gained as æ passes from positive infinity to 
negative infinity. In Art. 50 I observe that the theory of real roots of a 
single function given by M. Sturm’s theorem is a corollary to this theory 
of the intercalations of real roots of two functions, depending upon the well- 
known law, that odd groups of the limiting function f’ lie between every 
two consecutive real roots of fw. In Art. 51 I verify the law of reciprocity, 
already stated to exist between the residues of fx and da, by an à posteriori 
method founded on the theory of intercalations. In Arts. 52, 53, 54, I obtain 
a remarkable rule, founded upon the process of common measure, for finding 
a superior and inferior limit in an infinite variety of ways to the roots of any 
given function. This method stands in a singular relation of contrast to 
those previously known. All previous methods (including those derived 
through Newton’s Rule) proceed upon the idea of treating the function 


whose roots are to be limited as made up of the sum of parts, each of which 
28—2 
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retains a constant sign for all values of the variable external to the quantities 
which are to be shown to limit the roots. My method, on the other hand, 
proceeds upon the idea of treating the function as the product of factors 
retaining a constant sign for such values of the variable. In Art. 55, the 
concluding article of the fourth section, I point out a conceivable mode in 
which the theory of intercalations may be extended to systems of three or 
more functions. 


In Section V. Arts. 56, 57, I show how the total number of effective 
intercalations between the roots of two functions of the same degree is given 
by the inertia of that quadratic form which we agreed to term the Bezoutiant 
to f and ¢; and in the following article (58) the result is extended to 
embrace the case contemplated in M. Sturm’s theorem; that is to say, 
I show, that on replacing the function of æ by a homogeneous function of 
æ and y, the Bezoutiant to the two functions, which are respectively the 
differential derivatives of f with respect to æ and with respect to y, will 
serve to determine by its form or inertia the total number of real roots and 
of equal roots in f(x). The subject is pursued in the following Arts. 59, 60. 
The concluding portion of this section is devoted to a consideration of the 
properties of the Bezoutiant under a purely morphological point of view; 
for this purpose f and @ are treated as homogeneous functions of two 
variables æ, y, instead of being regarded as functions of æ alone. In Arts. 
61, 62, 63, it is proved that the Bezoutiant is an invariantive function of the 
functions from which it is derived; and in Art. 64 the important remark is 
added, that it is an invariant of that particular class to which I have given 
the name of Combinants, which have the property of remaining unaltered, 
not only for linear transformations of the variables, but also for linear 
combinations of the functions containing the variables, possessing thus a 
character of double invariability. In Arts. 65, 66, I consider the relation 
of the Bezoutiant to the differential determinant, so called by Jacobi, but 
which for greater brevity I call the Jacobian. On proper substitutions 
being made in the Bezoutiant for the m variables which it contains (m 
being the degree in a, y of f and ¢), the Bezoutiant becomes identical with 
the Jacobian to f and ¢; but as it is afterwards shown, this is not a property 
peculiar to the Bezoutiant; in fact there exists a whole family of quadratic 
forms of m variables, lineo-linear (like the Bezoutiant) in respect of the 
coefficients in f and @, all of which enjoy the same property. The number 
of individuals of such family must evidently be infinite, because any linear 
combination of any two of them must possess a similar property; I have 
discovered, however, that the number of independent forms of this kind 
is limited, being equal to the number of odd integers not greater than the 
degree of the two functions f and ¢. In Arts. 67 and 68, I give the means 
of constructing the scale of forms, which I term the constituent or funda- 
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mental scale, of which all others of the kind are merely numerico-linear 
combinations. This scale does not directly include the Bezoutiant within it, 
and it becomes an object of interest to determine the numbers which connect 
the Bezoutiant with the fundamental forms; this calculation I have carried 
on (in Arts. 69,70, 71) from m=1 to m=6 inclusive, and added an easy 
method of continuing indefinitely. In this method the numbers in the 
linear equation corresponding to any value of m are determined successively, 
and each made subject to a verification before the next is determined, there 
being always pairs of equations which ought to bring out the same result for 
each coefficient. 


In the next and concluding Art. 72, I remark upon the different directions 
in which a generalization may be sought of the subject-matter of the ideas 
involved in M. Sturm’s theorem, and of which the most promising is, in my 
opinion, that which leads through the theory of intercalations. Some of the 
theorems given by me in this paper have been enunciated by me many 
years ago, but the demonstrations have not been published, nor have they 
ever before been put together and embodied in that compact and organic 
order in which they are arranged in this memoir,—the fruit of much thought 
and patient toil, which I have now the honour of presenting to the Royal 
Society. 


P.S. In a supplemental part to the third section I have given expressions 
in terms of the roots of dx and fw for the quotients which arise in developing 
H under the form of a continued fraction, and some remarkable properties 
concerning these quotients. In a supplemental part to the fourth section 
I have given an extended theory of my new method of finding limits to the 
real roots of any algebraical equation. This method, so extended, possesses a 
marked feature of distinction from all preceding methods used for the same 
purpose, inasmuch as it admits in every case of the limits being brought up 
into actual coincidence with the extreme roots, whereas in other methods a 
wide and arbitrary interval is in general necessarily left between the roots 
and the limits. 
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SECTION I. 


On the complete and simplified residues generated in the process of developing 
under the form of a continued fraction, an ordinary rational algebraical 
Fraction. 


Art. 1. Let P and Q be two rational integral functions of æ, and suppose 
that the process of continued successive division leads to the equations 


P -MQ +R,=0 
Q — MR, + R= 0 
R- MR, +R, =0/ (1) 


so that 
~— se —— ~— &. (2) 


which is what I propose to call an improper continued fraction, differing from 
a proper only in the circumstance of the successive terms being connected 
by negative instead of positive signs. j 

M,, M,, M,, &c., R,, Ra, Ry, &c. are, of course, functions of œ: the latter 
we may agree to call the Ist, 2nd, 3rd, &c. residues (in order to avoid the use 
of the longer term “residues with the signs changed”); and by way of 
distinction from what they become when certain factors are rejected, we may 
call R,, R, R,, &c. the complete residues, Each such complete residue 


will in general be of the form ae , V, and D, being integral functions of the 
coefficients only of P and Q, but p, an integral function of these coefficients, 
and of æ; p, may then be termed the «th simplified residue, and y the «th 


allotrious factor. Suppose P to be of m and Q of n dimensions in w, and 
m — n =e, the process of continued division may be so conducted, that all the 
residues may contain only integer powers of æ; and we may upon this 
supposition make M, of e dimensions, and M,, M,, M,, &c. each of one 
dimension only in æ; so that R,, R,, R,,... will be respectively of (n — 1), 
(n— 2), (n— 3), &c. dimensions in æ. 
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P and Qare supposed to be perfectly unrelated, and each the most general 
function that can be formed of the same degree. From (1) we obtain 


=M.Q-P 
R,= MR, -Q 
=(M,M, — 1) Q — M,P ; (3) 
R; = (MMM, + M, + M) Q — (M, M, _1P| 
&e, = &e. 
and in general we shall have 
R,=Q.Q0+ P.P, (4) 


where it is evident that Q, will be of e+(¢—1), and P, of (.—1) dimensions 
in g. 


Art. 2. Hence it follows that the ratios P,:Q,: R, may be ascertained 
by the direct application of the method of indeterminate coefficients, for Q, 
will contain e+, and P, will contain « disposable constants, making e + 2 
disposable constants in all. Again, Q.Q and P,P will each rise to the degree 
n+e+c¢—1 ina; but their sum R, is to be only of n — + dimensions in æ. 
Hence we have to make (n + e+¢—1)—(n— +), that is e + 2. — 1 quantities 
(which are linear in respect to the given coefficients in P and Q, as well as in 
respect to the new disposable constants in P, and Q.) all vanish, that is to 
say, there will be e+2c—1 linear homogeneous equations to be satisfied by 
means of e + 2, disposable quantities; the ratios of these latter are, therefore, 
determinate, so that we may write 


P, =, (P,) 
Q. =r, (Q.) ; (5) 
R, =, (R,) 


and when (P,), (Q,), (R) are taken prime to one another, it is obvious that 
(R,) will be in all of e + 2c dimensions in the given coefficients, that is of ¢ in 
respect of the coefficients of P, and of e+: in respect of those of Q; à, will 
correspond to what I have previously called the allotrious factor; being in 
fact foreign to the value of R, as determined by means of the equation (4), 
and arising only from the particular method employed,to obtain it through 
the medium of the system (1): it becomes a matter of some interest and 
importance to determine the values of this allotrious factor for different 
values of 1*, 


* These are identical with what I termed quotients of succession in the London and Edinburgh 
Philosophical Magazine (December, 1839) [p. 48 above]; but by an easily explicable error of 
inadvertence, the quantities Q,, Q,, &c. therein set out are not as they are therein stated to be, 
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Art. 3. This may be done by the following method, which is extremely 
simple, and would admit of a considerable extension in its applications, were 
it not beside my immediate purpose to digress from the objects set out in 
the title to the memoir, by entering upon an investigation of the special or 
singular cases which may arise in the process of forming the continued 
fraction, when one or more of the leading coefficients in any of the residues 
vanish; such an inquiry would require a more general character to be 
imparted to the values of the quotients and residues than I shall for my 
present purposes care to suppose. 


Let us begin with supposing e= 1, and write 


f= aa" + ba” + ca" + &e. (6) 
p = ax" + Ba + ya" + Xe. 


Let be the first residue of A , and w of $ , and therefore of 5 , so that 


@ is the second residue of Z, 


Let w = (w), w being entirely integer, and À a function of the coefficients 
in f and ġ. If we make in N and D being integer functions, D will 
evidently be L*, where L denotes the first coefficient in the simplified residue 
a’, and is evidently of two dimensions in a, 8, &c., and of one in a, b, &c.; 
Dw is therefore of 2 x 2+1, that is five dimensions in a, 8, &c., and of two 
dimensions in a, b, &c.; but (by virtue of what has been observed of the 
equations in system (5)) is of three dimensions in a, 8, &c., and of two in 
a, b, &e. Hence N is of two dimensions in a, 8, &c., and of none in a, b, We. 
This enables us at once to perceive that N =a’. 


For w is of the form f— (px + q)¢, } 


; 7 
r P 7 ’ 

and w is of the form ¢—(pa+q)¥ o) 
the quotients of succession or allotrious factors themselves, but the ratios of each such to the 
one preceding, if in the series ; so that— 


&e. .. 


This error is corrected by my distinguished friend M. Sturm (Liouville’s Journal, t. vit. 1842, 
Sur un théorème d’Algébre de M. Sylvester), who appears, however, to have overlooked that I 
was obviously well acquainted with the existence and nature of these factors, and their essential 
character, of being perfect squares in the case contemplated in his memoir and my own. 
MM. Borchardt, Terquem, and other writers, in quoting my formulw for M. Sturm’s auxiliary 
functions, have thus been led into the error of alluding to them as completed by M. Sturm, 
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but N=0 makes w vanish, and therefore, upon this supposition, f and œ 
would appear to have a common algebraical factor y, that is to say, V 
vanishing would appear to imply that the resultant of f and @ must vanish, 
so that V would appear to be contained as a factor in this general resultant, 
which latter is, however, clearly indecomposable into factors—a seeming 
paradox—the solution of which must be sought for in the fact, that the 
equation N = 0 is incompatible with the existence of the usual equations (7) 
connecting f, ¢, Y and w: but this failure of the existence of the equations 
(7) (bearing in mind that W has been shown to be a function only of the 
set of coefficients a, 8, &c.), can only happen by reason of a vanishing when- 
ever VV vanishes; a must therefore be a root of N, or which is the same thing, 
N a power of a and hence N = a’. 


The same result may be obtained à posteriori by actually performing the 
successive divisions; if the coefficients of any dividend be a, b, c, d, &c., and 
of the divisor a, £, y, 5, &c., the first remainder, forming the second divisor, 
will be easily seen to have for its coefticients— 


oe SE Aroa a, b, é | 
s ee = a Ee z 0 E Bi, a 0, a, B| &c. 
a a a 
n N a, p, 6 a, B, € 
be Laer 
Hence the coefficients in the next remainder (making | 6, aœ, 8 |=m) 
a, B, y 
will be each of the form of the compound determinant,— 
a, B, Yy 
a b, o a, b a 
0, a hee. a D 0, a ¥ 
` a S, ¥ Ban 6 
a, b c W Dr a 6, 
Bea ee Se Ta KO: A 
a, B, Y eA 8 a, B, e 


The compound determinant above written will be the first coefficient 
in the remainder under consideration; the subsequent coefficients will be 
represented by writing f, $; g, y, &c., respectively in lieu of e, e. Omitting 


the common multiplier = , the determinant above written is equal to 
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T, oe RU.) ah k 1 PERT TRT 
a 0 6 = ia aa Pe ita ee a A ee e Oa 
a, BB, ¥ ae: a a, B, 6 8.8 
aoe s a 8G: @ a N 
+|0, 4 B|x148|0, 4% y|-y|0 a £ 
a, B, ¥ a, B, è a, B, y 
The last written pair of terms are together equal to 
a, b c| 
0, a B | x {—dBa?+cya*+ aa (Bè -— Y), 
a Boy 


which is of the form œA — a’? (88 — y?) a; and the sum of the first written 
pair is of the form a°B + (af? apò — ayß ayß)a. Hence the entire deter- 
minant is of the form a°’ (A + B), showing that a? will enter as a factor into 
this and every subsequent coefficient in the second remainder, as previously 
demonstrated above. 

It may, moreover, be noticed, that this remainder, when a? has been 
expelled, will for general values of the coefficients be numerically as well 
as literally in its lowest terms, as evinced by the fact that there exist terms 
(for example aa*ye) having +1 for their numerical part. The same explicit 
method might be applied to show, that if the first divisor were e degrees 
instead of being only one degree in æ lower than the first dividend, a’ 
would be contained in every term of the second residue: the difficulty, 
however, of the proof by this method augments with the value of e; but the 
same result springs as an immediate consequence from the method first 
given, which remains good mutatis mutandis for the general case, as may 
easily be verified by the reader. Applying now this result to the functions 
P and Q, supposed to be of the respective degrees n and n —e in x, and calling 
the coefficients of the leading terms in the successive simplified residues 
i, Aa, 43, &e., and denoting by a the leading coefficient in Q, and as before denot- 
ing the successive allotrious factors by M, M, &c., it will readily be seen that 


1 1 1 1 
M= cet? Ahem oa Maha =o) Maha &e., 
that is 
1 atti 2 eti gy 2 
À = am > A= ne pall 


a? » h atia? ; Agm aa, ’ 
and in general 
1 aa’... On; 
Amy = ae} ata? Bray WT 


(8) 


eg a gett LP! os Ome 


2a 22 
Tal Pal | 
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Art. 4. Strictly speaking, we have not yet fully demonstrated that the 
complete allotrious factors are represented by the values above given for À, 
but only that these latter are contained as factors in the allotrious factors ; 
we must further prove that there exist no other such factors. This may be 
shown as follows: it is obvious from the nature of the process that the 
complete residues will always remain of one dimension in respect of the given 
coefficients, that is, first of one dimension in the set a, b, c, &c., and of zero 
dimensions in a, £, y, &c.; then conversely, of one dimension in a, £, y, &c., 
and of zero dimensions in 4, b, c, &c., and so on, the residues being evidently 
required to conform in their dimensions to those of the first dividend and the 
first divisor alternately. These coefficients then are always of unit dimensions 
in respect to the given coefficients ; whereas it has been shown (Art. 2) that 
the simplified residues in respect to these coefficients are successively of the 
dimensions 2 + e, 4+ e, 6 + e, &c. 

Let the complete residue corresponding to Asm be Mem &m, that is 

aeh a? a? oe 


a? a? ay” On 


or say ML; in passing from ay to ay} the dimensions rise 2 units for all 
values of q except zero, and when g=0 the dimensions increase per saltum 
from 1 to 2+e; hence the total dimensions of L in the joint coefficients 


will be 
{(e+1)—2(e+2)} —4(m—1)+4m+e=1, 


and therefore M is of zero dimensions, and Asm is the complete allotrious 
factor. In like manner if the complete residue corresponding to Aen, be 
Mmt that is 


or say M L, the dimensions of L will be 
— (e +1)— 4m + {e+ 2(2m+1)}, that is, 1, 


and hence, as in the preceding case, M is of zero dimensions, and Ay»4, is the 
complete ailotrious factor. 


Art. 5. I proceed to show how the simplified residues may be most 
conveniently obtained by a direct process, identical with that which comes 
into operation in applying to the two given functions of æ the method 
familiarly known under the name of Bezout’s abridged method of elimination. 
Let us call the two given functions U and V, and commence with the case 
where U and V are of equal dimensions (n) in æ. The simplified cth residue 
will then be a function of n — + dimensions in a, and of ¢ dimensions in respect 
of each given set of coefficients, and may be taken equal to V,U + U,V, where 
V, and U, are each of (¢ — 1) dimensions in 2. 
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U = 0,2" + 0,2" + aya"? +... + Ons 
V = ba” + ba + ba" +. +O; 
we may write in general, m being taken any positive integer not exceed- 
ing n, 
U = (aat a+ 22. +m) O + (Ang O° + Ainge D+ «26 + Gn); 
V = (bia +b, 0" t... t bm) a + (bmp m + Ong +... +n). 
Hence 
(bam + bya” +... tbm) U — (aa +a, 0" +... + Om) V 
= mK + mK aa + mK"? +... + mKn, (9) 
where if we use (r, s) to denote a,b, —a,b, for all values of r and s, we have 
mk, =(0,m+1), mK,=(0, m+2)+(1, m+1), 
mA, = (0, m+3)+(1, m+ 2) + (2, m+ 1), 


and in general mK; = X (r, s), the values of r and s admissible within the sign 
of summation being subject to the two conditions, one the equality r+s=m-++1, 
the other the inequality r less than i. By giving to m all the different values 
from 0 to m — 1 in succession, and calling 


bam + ba +... tHbm, aa” + aya" +... + Om 

respectively Qm and P,,, we have 

QU = PV= K+ K,or*+...4 Kn 

Q0- PV= „Kıt „Kat. t Kn 

QU a PV= Kya + Kiat. t Kn}. (10) 

Qna U Para V = 91K," + 91K, a +... Hann 
The right-hand members of these n equations I shall henceforth term the | 
Bezoutians to U and V. 


The determinant formed by arranging in a square the n sets of coefficients 
of the n Bezoutians, and which I shall term the Bezoutian matrix, gives, as 
is well known, the Resultant (meaning thereby the Result in its simplest 
form of eliminating the variables out) of U and V. 


Eliminating dialytically, first z” between the first and second, then an~ 
and æ” between the first, second and third, and so on, and finally, all the 
powers of æ between the first, second, third, ... nth of these Bezoutians, and 
repeating the first of them, we obtain a derived set of n equations, the 
right-hand members of which I shall term the secondary Bezoutians to U 
and V, this secondary system of equations being 
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Q,U — P, V = K,a" + Kya"? + Ka"? +... + Kn 
(K: Q—KiQ,) U- (K, P,- K, P) V= Lo? + Da" t+... + Dn 
{GK 2K; — oy 1 Ko) Qo + (Kı Ky — Ky K3) Q + (Ki Ks — K1 1K) Q} U 
(Gl K, = Ky Ky) P, + GK, K,- K, K) P, + (E,K, KK) Pa} V| O9 
ams HM +... + Maaa 
&e. = &c. 
And we can now already without difficulty establish the important proposition, 
that the successive simplified residues to =i expanded under the form of an 


improper continued fraction, abstracting from the algebraical sign (the 
correctness of which also will be established subsequently), will be repre- 
sented by the n successive Secondary Bezoutians to the system U, V. 
For if we write the system of equations (11) under the general form 
$,0-—-H V = Aa" + Ba + ke., 


the degree of X, and H, in æ will be that of Q_, and P._,, that is ¿— 1; and 
the dimensions of A,, B,, &c., in respect of each set of coefficients is evidently 
+; consequently, by virtue of Art. 2, Aa” + B,a**+ &c., which is the 
ith Bezoutian, will (saving at least a numerical factor of a magnitude and 
algebraical sign to be determined, but which, when proper conventions are 
made, will be subsequently proved to be +1) represent the «th simplified 


residue to a as was to be shown. 


Art. 6. More generally, suppose U and V to be respectively of n +e and 


n dimensions in æ. 

Let U = marte + a,a"te + agate? + &e, 

V = ha” + ba” + Ke. 

Making 

U = (aat + aat + &e. + dorm) I + (derma 2? + Se. + Anse), 

V = (bam + bya p... + by) an + (bma m + &e. + by), 
we obtain the equation 

Qin U — Perm V = mK arte + Katt + iee. + Kare: (12) 
* V is supposed to be taken as the first divisor, and the term residue is used, as hitherto in 

this paper, throughout in the sense appertaining to the expansion conducted, so as to lead to an 


improper continued fraction, in that sense, in fact, in which it would, more strictly speaking, be 
entitled to the appellation of excess rather than that of residue, 
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where 
Qm = (bya™ +... + bm), Perm = (don?t + ... + Germ); 


maT = Dnia ; me a = bna -H dibya 3 eee pa aes = P| e + rm PERPE + &e. + GeO: 
mK e+ = Ap Dist + &e. + Qe4ibm — Aem by; &c. = &e. 

By giving to m every integer value from 0 to (n—1) inclusive, we thus 
obtain n equations of the form of (12), each of the degree n+e—1 in #, and 
of one dimension in regard to each set of coefficients. 

In addition to these equations we have the e equations of the form 

at V = barte + ba te + &e. + bnat, (13) 
in which w may be made to assume every value from 0 to (e—1) inclusive, 
and the right-hand side of the equation for all such values of u will remain 
of a degree in v not exceeding n+ e — 1, the degree of the equations of the 
system above described. There will thus be e equations in which only the 
(b) set of coefficients appear, and n equations containing in every term one 
coefficient out of each of the two sets. 


The total number of equations is of course n+e. Between the e 
equations of the second system (13) and the r occurring first in order of the 
first system (12), we may eliminate dialytically the e+7—1 highest powers 
of x, and there will thus arise an equation of the form 


6,10 — wera V = La + L'a + &e. + (L), (14) 


where @,_,; and w,,,-, are respectively of the degrees r— 1 and e+r—1l ina, 
and L, L’ ... (L) are of r dimensions in the (a) set, and of (e + r) dimensions 
in the (b) set of coefficients, and consequently Lar + L'a" +...+(L) 
must satisfy the conditions necessary and sufficient to prove its being (to a 
numerical factor prés) a simplified residue to (U, V). 


Thus suppose 
U = att + a, 2° + 27+ dga +04, 
V= bya? + ba + dy. 
Then, corresponding to the system of which equation (18) is the type, 


we have 
V= bæ + bis +b, 


aV = bi + bia + b,x. 
Again, to form the system of which equation (12) is the type, we write 
b U — (aoa? + a0 + 02) V = bo (ase + dy) — (aoa? + a,@ + ay) (bæ + ba) 
= — ayb,a* — (aob + b1) a + (boa; — a,b. — ayb,) & + (boda — azb), 
(bæ + b,) U — (a2? + ma? + aow + as) V = (bix + b,) ay — (aot? + a2? + dat + Ay) ba 
= — Qb, 2? — M, b,2° + (boa — dab2) @ + (bia; — bzs). | 
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Combining the two equations of the first system with the first of the second 
system, we obtain the first simplified residue Læ + L’, where 


0, bs b, 
ra L = by, bi; ba 
dobi, oba + abi, hbi + Qab, — boas 
and 
0, b,, ba 
L’ = by, b,, 0 


dobi, Aoba +a,b,, Qaba — boas 


By again combining the two equations of the first system with both of the 
second system, we have the determinant 


0, by, b,, bz 

R= bis bi, bz, 0 
Qobi, Aoba +aıbı, Qba + Qabi — bids, Qaba — boaa 
| doba, db daba — boly, doba — a,b, 


which is the last simplified residue, or in other terms, the resultant to the 
system U, V. 


Art. 7. It is most important to observe that the Bezoutian matrix to two 
functions of the same degree (n) is a symmetrical matrix, the terms similarly 
disposed in respect to one of the diagonals being equal. 


Thus retaining the notation of Art. 5, so that 
(0, 1)=a8—ba, (l, 2)=by-cB, (2, 3)= cò- dy, 


(0, 2)=ay—ca, (l, 3)=bòè — d£, &e. 
(0, 3)=ad — da, &c. 
&c. 


when n=1 the Bezoutian matrix consists of a single term (0, 1); 


when n= 2, it becomes 
(0, 1) (0, 2) 
(0,2) (1, 2); 
when n = 3, it becomes 
(0, 1) (0, 2) (0, 3) 


(0, 3) 
(0, 2) ( + ) (1, 3) 
(1, 2) 


(0,3) (1,3) (2, 3); 
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when n = 4, it becomes 


(0, 1) 


when n= 5, it becomes 


(0, 3) ( 


(0, 2) 


(0, 3)\ /0, 4) 
09 (a) 
a, 2)/ \a, 3) 


(0, 4)\ (1, 4) 
+ ) ( + ) (2, 4) 
a, 3)7 \@, 8) 


(0, 3) 


(0, 4) 


(0,4) (1,4) @ 4) @, 4); 
(0,1) (0,2) (3) (0,4) (0, 5) 
(0, 8)\ (0, 4)\ /0, 5) 
(0, 2) yy) Cte) (1, 5) 
(1, 2)/ \G, 3)/ \G, 4) 
(0, 5) 
(0, 4) + (1, 5) 
(0, 3) ( + ) (1, 4) ( + ) (2, 5) 
(1, 3) + (2, 4) 
(2, 3) 


(0, 4) ( 


(0, 5) 


(0, a n ka " si 
+ + + (3, 5) 
(2, 4)/ \(3, 5) 


(3, 5) (4 5), 


(1, 4) 
(1, 5) 


(2, 5) 


and so forth. Every such square it is apparent may be conceived as a sort 
of sloped pyramid, formed by the successive superposition of square layers, 
which layers possess not merely a simple symmetry about a diagonal (such 
as is proper to a multiplication table), but the higher symmetry (such as 
exists in an addition table), evinced in all the terms in any line of terms 
parallel to the diagonal transverse to the axis of symmetry being alike*. 
Thus for n= 5, the three layers or stages in question will be seen to be, 


the first— 


(0, 


(0, 2) 
(0, 3) 
(0, 4) 
(0, 5) 
(1, 5) 


(0, 3) 
(0, 4) 


(2, 5) 


(0, 4) 
(0, 5) 
(1, 5) 
(2, 5) 
(3, 5) 


(0, 5) 
(1, 5) 
(2, 5) 
(3, 5) 
(4, 5); 


* A square arrangement having this kind of symmetry, namely, such as obtains in the 
so-called Pythagorean addition table as distinguished from that which obtains in the multiplica- 
tion table, may be universally called Persymmetric. 
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the second— 
E 3 ~ Ch (1, 4) 


(1,3) (1,4) . @ 4) 

(1,4) (2,4) (8, 4); 
and the third— - 
(2, 3). 
In general, when n is odd, say 2p +1, the pyramid will end with a single 
term (p, (p+1)), and when even, as 2p, with a square of four terms, 

(p -2) p)  ((p-1) p). 
Each stage may be considered as consisting of three parts, a diagonal set of 
equal terms transverse to the axis of symmetry, and two triangular wings, 
one to the left, and the other to the right of this diagonal; the terms in each 
such diagonal for the respective stages will be 
(0, n), (1, ae 1), (2, (n a 2)) ee (p, (p + 1)), 


p being 3- 1 when n is even, and “ A l when n is odd. 


If we change the order of the coefficients in each of the two given functions, 
it will be seen that the only effect will be to make the left and right triangular 
wings to change places, the diagonals in each stage remaining unaltered. 
The mode of forming these triangles is an operation of the most simple and 
mechanical nature, too obvious to need to be further insisted on here. 


Art. 8. When we are dealing with two functions of unequal degrees, 
n and n+e, we can still form a square matrix with the coefficients of the 
two systems of e and n equations respectively, but this will no longer be 
symmetrical about a diagonal ; it is obvious, however, that if we treat the 
function of the lower degree, as if it were of the same degree as the other 
function, which we may do by filling up the vacant places with terms 
affected with zero coefficients, the symmetry will be recovered; and it is 
somewhat important (as will appear hereafter) to compare the values of the 
Bezoutian secondaries as obtained, first in their simplest form by treating 
each of the two functions as complete in itself, and secondly, as they come out, 
when that of the functions which is of the lower degree is looked upon as a 
defective form of a function of the same degree as the other. A single 
example will suffice to make the nature of the relation between the two sets 
of results apparent. 


Take 
fe=a a+b a + cx* + du +e, 


px =0 at +0 a + ya? + da + e. 
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The general method of Art. 7 then ny for the Bezoutian matrix 


ae 


at 3) (2) j 
jja (5) (ata ‘ci 


ae, be, ce — ey, de — eò. 


We shall not affect the value either of the complete determinant, or 
of any of the minor determinants appertaining to the above matrix, by 
subtracting the first line of terms, each increased in the ratio of 6: a, from 
the second line of terms respectively; the matrix so modified becomes 


0, ey ao, ae 

ay, 

ao, ae + bò, ce — ey 
cò — a 

ae, ce — ey, de — eò. 


Again, adopting the EA of Art. 6, we should obtain the matrix 


0, Y, Ô, € 
Y ò, €, 0 
be 
Ô, ae— bð, + , Ce— ey 
cò — dy 
ae, be, ce — ey, de — eò. 


Hence it is apparent that the secondary Bezoutians obtained by the 
symmetrizing method will differ from those obtained by the unsymmetrical 
method by a constant factor a°; and so in general it may readily be shown 
that the secondary Bezoutians, by the use of the symmetrizing method, will 
each become affected with a constant irrelevant factor a°, where @ is the 
difference of the degrees of the two functions, and a the leading coefficient 
of the higher one of the two. When @ is taken unity, the Bezoutian 
secondaries, as obtained by either method, will of course be identical. 


Art. 9. There is another method* of obtaining the simplified residues 
to any two functions U and V of the degrees n and n + e respectively, which, 
* Originally given by myself in the London and Edinburgh Philosophical Magazine, as long 
ago as 1839 or 1840 [p. 54 above]; and some years subsequently in unconsciousness of that 


fact, reproduced by my friend Mr Cayley, to whom the method is sometimes erroneously 
ascribed, and who arrived at the same equations by an entirely different circle of reasoning. 
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although less elegant, ought not to be passed over in silence. This method 
consists in forming the identical equations (of which for greater si the 
right-hand members are suppressed) 


V = &e. 

aV = &e. 
eV = &e. 
U = &e. 
æy = &e. 
xU = &e. 
ny = &e. 
2U = &e. 
æy = &e. 
&e. = &e. 
aiU = &e. 
atna = &e. 


If we equate the right-hand members of (e + 2c) of the above equations 
to zero, and then eliminate dialytically the several powers of æ from grtet 
to 2 (both inclusive), the result of this process will evidently be of (e + +) 
dimensions in respect of the coefficients in V, of « dimensions in respect 
of the coefficients in U and of the degree æ”~ in æ; it will also be of the 
form 

(A + Bat... + Late) U+(F + Gat... + Qa) V, 
and by virtue of Art. 2, must consequently be the :th simplified residue to 
the system U, V. 


Art. 10. The most general view of the subject of expansion by the 
method of continued division, consists in treating the process as having 
reference solely to the two systems of coefficients in U and V, which them- 
selves are to be regarded in the light of generating functions. To carry out 
this conception, we ought to write 

U =a + ay + ay? + ayy’ + &e. ad inf. 
V =b + by + boy? + by + &e. ad inf. 
and might then suppose the process of successive division applied to U and 
V, so as to obtain the successive equations 
U wy MV -4 R, = 0, 
V — M,R, + R,=0, 
S M,R, + R; = 0, 
&e. &e., 
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M,, M., M,, &c. being each severally of any degree whatever in y, and in 
general the degree of yin M, being any given arbitrary function ¢ (+) of «. 
The values of the coefficients of the residues Ri, Rə, R,..., or of these forms 
simplified by the rejection of detachable factors, become then the distinct 
object of the inquiry, and will, of course, depend only upon the coefficients 
in U and V and the nature of the arbitrary continuous or discontinuous 
function $(v), which regulates the number of steps through which each 
successive process of division is to be pursued. Following out this idea in a 
particular case, if we again reduce our two initial functions to the forms 
previously employed, and write 


U =a x" +a,2"— + &e. 
V = ba” + b,2" + &e.; 


and if, instead of making, according to the more usual course of proceeding, 
the divisions proceed first through one step and ever after through two steps 
at a time, which is tantamount to making ¢1=1, ¢(1+@)=2, we push each 
division through one step only at a time, and no more (so that in fact œ (0) 
is always 1), we shall have 

U Bi m, V + R=0, 

V — maæR, + R,=0, 

R; — m, R+ R, = 0, 

R, os mak, + R, = 0, 

&e. &e., 


Mı, Ma, Mz, &e. being functions of the coefficients only of U and V; and it is 
not without interest to observe (which is capable of an easy demonstration) 
that the simplified residues contained in R,, R,, &c., found according to this 
mode of development, will be the successive dialytic resultants obtained 
by eliminating the (c—1)th highest powers of æ between the + first of the 
system of annexed equations (supposed to be expressed in terms of æ) 


U'= 0, 
V=0, 
aU =0, 
aV = 0, 
eu = 0, 
wV = 0, 
&c. = & 
eT = 0, 
GAV = 0. 
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If we combine together 2i+ 1 of the above equations, the highest power of 
æ entering on the left-hand side will be «"**, and we shall be able to eliminate 
2i of these factors, leaving æ”—t the highest power remaining uneliminated. 
If we take 27, that is ¢ pairs of the equations, the highest power of æ appear- 
ing in any of them will be a”**~, and we shall be able to eliminate between 
them so as still to leave 2”**—!-—), that is w"~* as before, the highest power 
of æ remaining uneliminated; and it. will be readily seen that such of the 
simplified residues corresponding to this mode of development as occupy the 
odd places in the series of such residues, will be identical with the successive 


simplified residues resulting from the ordinary mode of developing a under 


the form of a continued fraction. 


Art. 11. It has been shown that the simplified residues of fr and ox 
resulting from the process of continued division are identical in point of 
form with the secondary Bezoutians of these functions, but it remains to 
assign the numerical relations between any such residue and the corre- 
sponding secondary. 


To determine this numerical relation, it will of course be sufficient to 
compare the magnitude of the coefficient of any one power of æ in the one, 
with that of the same power in the other; and for this purpose I shall make 
choice of the leading coefficients in each. In what follows, and throughout 
this paper, it will always be understood that in calculating the determinant 
corresponding to any square the product of the terms situated in the diagonal 
descending from left to right will always be taken with the positive sign, 
which convention will serve to determine the sign of all the other products 
entering into such determinant. Now adopting the umbral notation for 
determinants*, we have, by virtue of a much more general theorem for 
compound determinants, the following identical equation :— 


ace spe Na j Ce dias ct) 

Oy AnH... Am A, AAs --- Anti 

_ [hAl ... Ig x fr vee Ami y 
\a, AAs «+» Am—1 Am Oy Mg «++ Amni Amy 


on (fines +++ Amam ) v fia oes uten) 
’ 
Oy Ay Ag ... An—iAm+1 Oy Ay «++ An—1 Am 
and consequently 
{s Ants «+. ae) A ($ Ags ++. anadai) 
a, A, As see Amn- AAAs e+ An—1 bm Im 

a ($ Allg ++. hag x j Ag +++ Am as) (er «++ Imi ) 

“sey > 


A My Ay e. An—1 Am Aho... An—14m-+1 


By Ay vee AniAmyr 


* See London and Edinburgh Philosophical Magazine, April 1851 [p. 242 above). 
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and consequently when 


> 


te A, a Am- Am ) 
Oy Ay eee Am—ı lm 


E Ay... Pei) inä ff Ay +++ Amam faea) 
AAs «+. Am-1 Oy hy eee An—1AmAm+i 


will have different algebraica! signs, it being of course understood that all the 
quantities entering into the determinants thus umbrally represented above 
are supposed to be real quantities. This theorem, translated into the ordinary 
language of determinants, may be stated as follows :—Begin with any square 
of terms whether symmetrical or otherwise, say of r lines and r columns: let this 
square be bordered laterally and longitudinally by the same number r of new 
quantities symmetrically disposed in respect to one of the diagonals, the term 
common to the superadded line and column being filled up with any quantity 
whatever; we thus obtain a square of (r+1) lines and columns; let this 
be again bordered laterally and longitudinally by (r+ 1) quantities symme- 
trically disposed above the same diagonal as that last selected, the place 
in which this new line and column meet being also filled up with any arbitrary 
quantity ; and proceeding in this manner, let the determinants corresponding 
to the square matrices thus formed be called D,, Dpp, Dpio...: this 
series of quantities will possess the property, that no term in it can vanish 
without the terms on either side of that so vanishing having contrary signs. 
Thus if we begin with a square consisting of one single term, we may suppose 
that by accretions formed after the above rule it has been developed into 
the square (M) below written, and which of course may be indefinitely 
extended :— 4 
qt mp 2, 


Bit igh se megh ht, 
m, R; C, Ey KA * ( M) 
By. D 


E: P OR 8 


Here D,, Di, Da, Ds, Ds, D, will represent the progression 


i | a, l, m, p L 3 
a, 3 mM , > ? > t 
a, l ll bn, g sige 
J; a, ? l, b, n ? ? M, N, CG T, UÙ , 
Eio m nc, r d 
M, n, (6 , , , ’ 
Pi gr, d at y 
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so if we use the matrix 


A. Bos the eee 


i 1m, 2 
“a, bor 
a, Tid an a 
a, 7 ? 2 , n ? ? 
‘pepe? OR, Ey 
m, n c 
RE WE ae 


will possess the property in question; the line and column J, b; V, b not 
being identical, the first determinant D, representing unity must not be 
included in the progression. 


We shall have occasion to use this theorem as applicable to the case of a 
matrix symmetrical throughout, and we may term the progression (II), above 
written, a progression of the successive principal determinants about the 
axis of symmetry of the square matrix (M), and so in general. Now it is 
obvious that the leading coefficients of the successive Bezoutian secondaries 
are the successive principal determinants about the axis of symmetry of the 
Bezoutian squares; they will therefore have the property which has been 
demonstrated of such progressions; to wit, if the first of them vanishes, the 
second will have a sign contrary to that of +1; if the second vanishes, 
the third will have a sign contrary to that of the first, and so on, 


Art. 12. Now let fx and ¢a be any two algebraical functions of æ with 
the leading coefficients in each, for greater simplicity, supposed positive : 
s je 
fraction by the common process of successive division, let any two consecutive 
residues (the word residue being used in the same conventional sense as 
employed throughout) be 


Ax + Ba‘ + Cat? + &e. 


and in the course of developin under the form of an improper continued 


Ba + C'a + Da + &e. 
The residue next following, obtained by actually performing the division and 
duly changing the sign of the remainder, will be 


(F -- c) — (F- ) p) w+ &e., 
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which is of the form , 
1 
B? 


Thus the leading coefficients in the complete unreduced residues will be 


{BM — AC") a + &e. 


A, BY, 7, {BM — A0%, 


and when reduced by the expulsion of the allotrious factor will become 
A, B’, B'M — AC”, and consequently, when B’ the leading coefficient of one 
of the simplified residues vanishes, the leading coefficients of the residues 
immediately preceding and following that one will have contrary signs. 


First, let fv and gw be of the same degree. As regards the numerical 
ratio of each Bezoutian secondary to the corresponding simplified residue, 
it has been already observed that there are always unit coefficients in the 
latter of these, and the same is obviously true of the former; hence if we 
call the progression of the leading coefficients of the simplified residues 


R,, Ry, Rs, Ra, &e., 
and that of the leading coefficients of the Bezoutian secondaries 
B,, B,, B,, B,, &e., 


we have 


B= R, B=+Rh, B=+k,, B=+tRh, Ke. 


It may be proved by actual trial that B, = R, and B,=R,. Moreover, 
since the signs are invariable, and do not depend upon the values of the 
coefficients, we may suppose B,=0 (which may always be satisfied by real 
values of the quantities of which B, is a function); we shall also, therefore, 
have R, = 0, and consequently B, has the opposite sign to that of B,, and R; 
the opposite sign to that of R,, which is equal to B,: hence when B,= 0, 
B, and R, are equal, and consequently are always equal; in like manner we 
can prove that R, and B, have the same sign when A, and B, vanish, and 
consequently are always equal, and so on ad libitum, which proves that the 
series B,, B,, ... B, is identical with the series R,, R, ... Rn, and con- 
sequently that the Bezoutian secondaries are identical in form, magnitude 
and algebraical sign with the simplified residues. 


Secondly, when fx and ¢a are not of the same degree, it has been 
shown that the secondaries formed from the non-symmetrical matrix corre- ` 
sponding to this case will be the same as those formed from the symmetrical 
matrix corresponding to fx and ®æ (where De is ga treated by aid of 
evanescent terms as of the same degree as fr), with the exception merely 
of a constant multiplier (a power of the leading coefficient of fx) being 
introduced into each secondary. By aid of this observation, the proposition 
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established for the case of two functions of the same degree may be 
readily seen to be capable of being extended, from the case of f and $ 
being of equal dimensions in g, to the general case of their dimensions being 
any whatever. 


Art. 13. Before closing this section, it may be well to call attention to 
` the nature of the relation which connects the successive residues of fx and 
gx with these functions themselves, and with the improper continued 
pu 
Fa 


fractional form into which is supposed to be developed in the process of 


obtaining these residues. 
If ga be of n degrees, and fx of n + e degrees in z, we shall have 


Pe repeals 


fu æ porate! has : In P 
where Q, may be supposed to it a function of æ of the degree e, and 
qə; Ys» «++ Qn, are all linear functions of æ; the total number of the quotients 
Qis, Yo, ++» Qn being of course n when the process of continued division is 


supposed to be carried out until the last residue is zero. Upon this supposi- 
tion the last but one residue is a constant, the preceding one a function of x 
of the first degree, the one preceding that a function of æ of the second 
degree, and so on. 


Let us call the residue of the degree « in x, X,; it will readily be seen 
that the successive complete residues arranged in an ascending order will be 


Yo; Mas Yo (gi qn — 1), Yo (Qn—29n— Qn — n= — qn), &e., 


being in the ratios 


1 
i; ns Yn—1~ 7) —2 7 —, &c. 
PS dn ie Qn—ı — Gn 7 


Again, we shall have in general 
A f-Lo=%., (15) 


A, being an integral function of w of the degree n—«—1, and L, an integral 
function of æ of the degree (n+e)—«—1; and it is easy to see that the 
successive convergents to the continued fraction 


Lee BE 


nn 
have their respective numerators and denominators identical with those of 
the fractions 
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Adopting the language which I have frequently employed elsewhere, 
I call X, a syzygetic function, or more briefly a conjunctive of f and ¢, and 
A, and L, may be termed the syzygetic factors to Y, so considered. If we 
divide each term of the equation (15) by the allotrious factor (M), we have 


Wf REER, 
where R, is the «th simplified residue to (f, $); and if we call i = T., and 
= t., so as to obtain the equation 
tf—-to=R,, (16) 


Te the fraction formed by the component factors to any simplified 


t, 
residue of (f, ġ), will be identical in value (although no longer in its separate 


we see that 


terms) with one of the corresponding convergents to $, exhibited under the 


form of an improper continued fraction. I shall in the next section show 
how, not only the successive simplified residues, but also the component 
syzygetic factors of each of them, and consequently the successive con- 
vergents, may be expressed in terms of the roots of the two given functions. 


Since the preceding section was composed the valuable memoir of the 
lamented Jacobi, entitled “De Eliminatione Variabilis è duabus Equationibus 
Algebraicis,” Crelle, Vol. xv1., has fallen under my notice. That memoir is 
restricted to the consideration of two equations of the same degree, and the 
principal results in this section as regards the Bezoutic square and the 
allotrious factors applicable to that case will be found contained therein, 
The mode of treatment however is sufficiently dissimilar to justify this 
section being preserved unaltered under its original form. 


SECTION II. 


On the general solution in terms of the roots, of any two given algebraical 
functions of x, of the syzygetic equation, which connects them with a third 
function, whose degree in æ is given, but whose form is to be determined. 


Art. 14. Let f and ¢ be two given functions in æ of the degrees m and 
n respectively in æ, and for the sake of greater simplicity let the coefficients 
of the highest power of æ in f and ¢ be each taken unity, and let it be 
proposed to solve the syzygetic equation 


tf—-to+, =0, (17) 
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where X, is given only in the number of its dimensions in æ, which I suppose 
to be 4; but the forms of 7,, t, X, are all to be determined in terms of 


hy, hy... hm the roots of f and m, n... Nn the roots of ¢. 


I shall begin with finding $,; and before giving a more general represen- 
tation of X,, I propose now to demonstrate that we may make 


Fe re z Pk, Q2- Au x G Ez hq) (x E h,) ent (a a ha)}s (18) 
where Po, o,...q, 18 used to denote 


(hos, Te M) (hg, a nə) bat (hos z Nn) 
x (hess a M) (hga X 2) ee? (hats = Mn) 
x (hots — M) (hos — No) «- (hess —1n)~ BR (hg, hg, «+» g) 


SOPH HHH HOT HSE eee EEE EEE EERE EEE HEH EHH EH EEE 


R (hq, hg, «+ hg.) denoting any rational symmetrical function whatever of 
the quantities preceded by the symbol R, and q, qo--- Qs Gia +++ Qm being any 
permutation of the m indices 1, 2... m. 


Suppose f= 0 and ¢ = 0, then g is equal to one of the series of roots 
hy, hy so. Rew; 
and also to one of the series of roots 
M1» Ne ++» Mne 
Suppose then that 
æ= ħa = Na, 
and consider any term of X.. 
If in any such term @ is found in the series q1, q.... qu, then 
(æ — hg,) (@—hg,) «.. (@ — hg) = 0. 
But if not, then æ must be found in the complementary series 
h 


ho, het Roses? Mons 
and consequently Py, ¢,...¢, Will contain a factor ha — na and Po,,4...9,=; in 
every case therefore 
Pina.. a, X (@ — hag,) (@ — hq.) «+» (@ — hg) = 9. 
Thérefore X, as expressed in equation (18) is a syzygetic function of f 
and @; and we have found a function of the «th degree in æ, and of course 


expressible by calculating the symmetric functions as a function only of « and 
of the coefficients of f and ¢, which will satisfy the equation 


T.f- t+, = 0. 
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It will be remembered that by virtue of Art. 2 we know à priori that all 
the values of X, satisfying this equation are identical, save as to an allotrious 
factor, which is a function only of the coefficients in-f and ¢. 

It is clear that we may interchange the 4 and », m and n, and thus 
another representation of a value of X, satisfying the equation (17) will be 


F = ZR (Ng, Ngy ++ Ng, ) x 
(Maya =h) (Na —hy)... (Na+ — hm) 


(Na+ — h,) (Na,4 — ha) A (Ma, ae hm) | 
(1g, — Pa) Ca,pg — Be) «++ Ca, pg — bm) (æ — 9.) (8 — M.) ++ (@ — m,). 


SOOO REET EEE HEHE EHH HHH H EHH HER EEE EE 


(Nan — h) (Na, — hg) ... (Nan — hm) 


Art. 15. If we employ in general the condensed notation, 


l,m, 2... p 

be fe, oe D | i 
to denote the product of the differences resulting from the subtraction of 
each of the quantities à, p... v in the lower line from all of those in the 


upper line J, m,n... p, the two values above given for X, may be written 
under the respective forms 


RS Ekle 
ER (has hy ha) | iar ays cò A ETE — Ihg,) «++ T — hg,), 


ls No +++ Nn 


yj Pi j vee 1 
and ÈR (ng, Ne ne). | far? “S40 iA (a — 1, ) (z= n). (@— ng); 
i h, ho ee hm- 
in each of which equations disjunctively and in some order of relation each 
with each 
Tir Yao Ys +++ Im = 1, 2, Sis. Mm, 


and E,, Ea, &... Eyl, 2,3... 0. 


These two forms are only the two extremities of a scale of forms all equally 
well adapted to express $,; for let v and v be any two integers so taken as 
to satisfy the equation 

VU+V=t, 


used to denote a rational function which remains unaltered in value when any 
two of the quantities under either of the two bars are mutually interchanged, 
then we may write : 


Boi ek cys ils sot tu shpallen NE T 
wing Begg fg Bags Ma My Mh) *| 1 dots | 


> =- (J9) 


l ae . ih 


x (æ — hg.) (@ — hq.) «+ (@ — hq,) X (@ — Mg) (@— 1g.) 0 (@ — ”) 
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For if, as above, we suppose æ = ha = Na, any term of X, in which qı, Q... qv 
comprise among them a, or in which &,, &,... E comprise among them w, 
will vanish by virtue of the factors 
(2 — hy) (= hg) «04 (© — hay) x (@ — M) (@ = M) «+= (@ = 4.) 

but if neither a nor œ is so comprised, then a must be one of the terms 
in the complementary series qp41, p12) ++. Qm, and w one of the terms in the 
complementary series &,4,, £42... En, and therefore one of the quantities 
has» haya +++ Bam Will equal one of the quantities Tea? Teppa tt Me,» Aud con- 


sequently the term of 3, in question will vanish by virtue of the factor 
bi 42? Magis 22+ Bam 


Mea aS one MH, 
within the sign of summation vanishes when æ= ha = na, that is, whenever 
fe=0 and ġx=0. Hence %,, as given by equation (19), will satisfy 
the syzygetic equation m,f — t +9%.=0 for all values of v and v which 
make v + v = 4, and for all symmetrical forms of the function denoted by the 


symbol R (ee; vee ). 


Art. 16. I shall now proceed to show how to assign the arbitrary 
function whose form is denoted by this symbol in such a manner as to make 
S, become identical with a simplified residue to f and ¢. To this end I take 
for R (hq, hg, +++ hays Nt» Mey «++ ng,) the value 


h: Rass, id 
Ng? Th non Tp. i 
S hg, Pár g Na x ong No AAF A i 
hoes, 4 hava hey han Ney. Nyse eee My, 
we shall then have 


bn hg,» WA y i a1 Meas *** Tl 
Mey Ne, ++ Ne, Mesa , | a ee oe Mey YI 
F AE Si ag [e Ne, the | 
h x 
hasy’ To49°°* ham Meyy? Nya vee Mey 
x {(@ yE hq) (a PE hy.) see (a = hq,)} \(w a ng) (x p Ne.) hed (x Ef ne, )} (21) 
I shall first show this sum of fractions is in substance an integral function 
of the quantities A, ha... hm; M, Ma... Mn. For greater conciseness write 
in general x— h= FẸ, x—n=H; we have then, since 
h —) = H -— E, hq, — ha, - E- E,» Nee — Nt, = H;, a Hs, 
po H;,... H;, i t ag ae. oat sf 
Ey, Ea- Eg y Ae E, 
E a CENE ORN A 


i haiti Vo+1? Tota o. Im 
<3 E 


doti’? dota °° rfa ee J H, TAT wili i 
Eg,» Er, E Hi; H; eee H;, (22) 


Vo+1? 


| vanishing. , In either case therefore every term included 


(20) 


= 
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On reducing the fractions contained within the sign of summation to a 
common denominator, X, will take the form ae where D will be the 


product of the 4m (m — 1) differences of H,, E, ... Em subtracted each from 
each, and A the corresponding product of the differences inter se of 
H,, H,... Hy. Hence, unless the sum in question is an integral function 
of the Z’s and H’s it will become infinite when any two of the Æ series, or 
any two of the H series of quantities are made equal. Suppose now Æ, = Æ}; 
the terms in (22) which contain #,—, in the denominator will evidently 
group themselves into pairs of the respective forms, 


By) Ey, +.B a AM 
E,E;, ... Ey.) x (He, Hg... H «| as | x] dota "t am 
( qs av) (H; H; ty) Hie, He reste, i Pipe | AEN -N 
DA A He, i ae i 
lz Ey | 5 F P | 


v+1°°° v+? 


and 


AE AME TENTS” A RT HE «| a, | i tots | 
(E: hg, ... Bay) x (He, Hs ty) biog: Ome | As gh BFP MO AN age: r 


By En By | [Hes He, He, 
A OI > Lea: aes” 


y+1°°* “~Im v+1? v+2 


the sum of this pair of terms will be of the form 


ie, He, |* [1 l 
E, Fs Hiie- Hg x Heat) Hy, --. He, | 


R pe 4 
Q |E- E, VJA 
re Bays E iol | 
E, E, ) 
+ F E, pi He... Ha, y pa Hi, rit i, | > 
Q |E- E, E, ; 


where Q, it may be observed, does not contain H, — H,, so that b remains 
finite when H, = Hy. 


The above pair of terms together make up a sum of the form 


PF 1 p (F, E) y E, — ¢ (E,, E) yE, 


ai Oy A Wh, x yE, ; 


which, as the numerator of the third factor vanishes when Æ, = Æ,, remains 
finite on that supposition. Hence the whole sum of terms in (22) which is 
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made up of such pairs of terms, and of other terms in which £,— E, does 
not enter, remains finite when H,—#,=0, and therefore generally when 
D=0, and similarly when H,—H,=0, and therefore also when A=0; 
hence the expression for X, in (22) is an integral function of the Æ and H 
series of quantities, as was to be proved. 


Art. 17. Let us now proceed to determine the dimensions of the coeffi- 
cient of a, the highest power of x in this value of $,, when supposed to be 
expressed under the form of an integral function (as it has been proved to be 
capable of being expressed) of h, hy... ins My Na... Mm; £ 


This coefficient is the sum of fractions the numerators of each of which 
consist of two factors, which are respectively of v x v and of (m — v) x (n — v) 
dimensions in respect of the two sets of roots taken conjointly, and the 
denominators of two factors respectively of v(m —v) and v (n — v) dimen- 
sions in respect of the same. 


Consequently, the exponent of the total dimensions of the coefficient in 
question 


=w+(m—v)(n—v)—v(m—v)—v(n—?r) 
=(m—v—v)x (n—v — v) 
=(m—)(n—2), 


and thus is seen to depend only on the degree « in æ of X,, and not upon the 
mode of partitioning + into two parts v and v, for the purpose of representing 
S., by means of formula (19). 


Art. 18. I shall now demonstrate that every form in this scale (to a 
numerical factor près) is identical with a simplified residue to f, $, of the 
same degree « in æ. Any such simplified residue is, like $,, a syzygetic 
function, or to use a briefer form of speech a conjunctive of f, ġ; and if we 
agree to understand by the “weight” of any function of the coefficients of 
Jf and ¢ its joint dimensions in respect of the roots of f and ¢ combined, 
I shall prove,—first, that any simplified residue of f and ¢ of a given degree 
in # is that conjunctive, whose weight in respect of the roots of f and ¢ 
is less than the weight of any other such conjunctive; and second, that X., 
as determined above (in equation 22), is of the same weight as the simplified 
residue, and can therefore only differ from it by some numerical factor. 
For the purpose of comparison of weights, it will of course be sufficient 
to confine our attention to the coefficients of the highest power in æ (or 
any other, the same for each) of the forms whose weights are to be compared. 


Suppose f to be of m dimensions, and ¢ to be of n dimensions in s; 
and let m=n + e. 
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Suppose Af+ Lo = År + By eset K, (23) 
A=Ayal+rAyaMI 4. 4 Ng» 


L= latte 4. Latteas |). T lores 


the number of homogeneous equations to be satisfied by the q + 1 quantities 
Ao» Àr -+e Ags and the g+e+1 quantities J,, J, ... lore Will be m+q—1, and 
therefore q +1 and q+e+1 taken together must be not less than m+ q—«+1, 
that is 2g +e +2 must be not less than q + m — + +1, that is q not less than 
m—t—e—1; and if this inequality be satisfied 2q + e+ 2—(q+m—c+1) +1, 
that is q+e+e—m-+2 will be the number of arbitrary constants entering 
into the solution of equation (23), 
If q be greater than (n — 1), let g=(n—1)+¢; and let 
(A) = Ae a Aa"? Ee Ese + Anin 
(L) = logante- La Late ae S bid : 
and let (A), (L) be so taken as to satisfy the equation 
(A) f+ (L) p = Aat + Bat +...4 K; 
and make EB=(A)+(ft+ge+...+hat) o, 
X=(L)—-(f+gat... that) f, 
f.g --. h being arbitrary constants ; then 
Ef+Xo=(A)f+(L) p = Ax + Be™+ ... + K. 

Now the total number of arbitrary constants in the system (A) and (L) 
will be n—1+e+e—m-+ 2, that is ı+1; hence the total number of arbitrary 
constants in Æ and X will be ¿+ 1 +¢, that is g — n +++ 2, which is equal to 
q+ı+e— m + 2, the number of arbitrary constants in the most general values | 
of A and L. Hence {A = E, L = X} is the general solution of the equation 
Af+ Lo = Ar + Ba +...4+K; and consequently the most general form 
of Aa + Ba'+...+K, which is evidently independent of the (t) arbitrary 
quantities f, g...h, will contain the same number of arbitrary constants 
as enter into the system (A) and (L), that is ¿+ 1. 


Art. 19. Let us now begin with the case of greater simplicity when 
m=n, that is e=0; and let us revert to the system of equations marked (10) 
in Section I., in which U and V are to be replaced by f and ¢. 


First, let ¿=n — 1, then «+1, the number of arbitrary quantities in the 
conjunctive, is n. 
From the system of equations (10) we have, for all values of p1, pa, Ps +++ Pn, 
(P T po tet Pana) S 
—(PıPo + poPit...+ PnPn) > 
= (pi Ky + porKki +... + Pn nK) a1 + &e,, 
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and consequently the most general value of S,_, in the equation 
Tra J — trad + Inn =9, 
where Sn = Av + Bar? +... + L, 
will be obtained by making 
Tn— = Po + PQr +... + Pan» 
tna = — prPo — Pabi. -e — pnPra, 
which solution contains n, that is the proper number of arbitrary constants. 


Again, if ¿=n —2, «+1=n-—1, which will therefore be the number 
of arbitrary constants in the most general value of $,_, in the equation 


Tat E GRO + 3a, = 0. 
This most general value of $,_, is therefore found by making 
Tn- = Po + p'2Qi + +--+ P'am 
tna =— piPy— p'.Py...—p'nPnr, 
where p's p's--. p'n are no longer entirely independent, but subject to the 


equation 
p E + p's sh; x ae aa PaniKky= 0, 


so as to leave (n — 1) constants arbitrary. 


We thus obtain Yn- = (pKa + p's: K+... + p'nnarK) ec” + &e. In like 
manner, and for the same reasons, the most general values of S,_, in the 


equation 
Toa} oo tn—sP +n = 0, 


will be found by making 
Tns =P Qt p Qt... H pn Qn 
tnem = p P= p Pi — pa Pr, 
where pi, Pa... P”n are subject to satisfying the two equations 
p” Ky + p11 Ky + -+ p'nn rk = 0, 
p'1 Ke + po Kot... + p'nnr Kk. = 0, 
so as to leave (n — 2) constants arbitrary ; and we thus obtain 
Yn = (p1 Ks + p's Kg + -+ + pn nK) a" + Èc., 


and so on, the number of independent arbitrary constants in Y decreasing 
(as it ought) each time by one unit as the degree of Y descends, until finally, 
if rf — tp +% = 0, 3, being a constant, the general value for Y is found by 
making 

Tan (Pı) Qo 7 (Pa) Q ET Te a (Pn) Qais 


ty = — (pı) Po — (po) P: ames — (pn) Pra, 
30 
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where (p;), (pz) ... (pn) are subject to satisfy the (n — 1) equations 
(Pi) K, + &e. = 0, 
(p:) K: + &e. = 0, 


(Pı) Kn + &e. =0, 
which gives D = Kn (Ph + Kn (P) +--+ + nEn (P) 
Now evidently the lowest weight in respect to the roots of U and V that 


‘can be given to (Kı + pz1Kı +... + Pn nK) a" +&c., when the multipliers 
Pi» Po +» Pn are absolutely independent, is found by taking 


pPı=l, pr=0, pp=0... pn =O, 


which makes the weight of the leading coefficient in Xanı, the same as that 
of K,, that is 1. 


Again, when one equation, 
pi Ki t+ porkit... + p'nnrk, = 0, 
exists between the (p)’s, the lowest weight will be found by making 
pi=Ki, p= =K ps=0, ps=0... pn=0, 
which makes the weight of the leading coefficient in S,_, depend on 
iKi K,- KiKi 
which is of the weight 1 + 3, that is 4, in respect of the roots of f and ¢. 


Similarly, Yn will have its lowest weight when its leading coefficient 
is the determinant 


Ki Ks, K, ? 
K,, Ka iK, 
eK, Ko, K; 


the weight of which is 1+3+4+5=9; and finally, the lowest weighted value 
of Y is the determinant represented by the complete Bezoutian square ; the 
weight in general of S,_; being 14+3+...+(2¢—1), that is ù, or which 
is the same thing otherwise expressed, the weight of the leading coefficient 
of the lowest-weighted conjunctive of f and ¢ of the degree « in æ is 
(n—+)(m—1)*. It will of course have been seen in the foregoing demon- 
stration, that the weight of „K, [which means X (aby — sbr), ar, Ms being the 
coefficients of a", a” in f, and b,, bs of the same in ¢] has been correctly 
taken to be r+ s in respect of the roots of f and ¢ conjoined. 


* n and m are supposed equal and =n- i. 
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Art. 20. If now we proceed in like manner with the general case of 
m=n-+e, it may be shown, in precisely the same way as in the preceding 
article, that the most general value of any conjunctive of f and ¢ will be a 
linear function of e functions, 

a +£a,a* +a," * +... F, 
att aa" + daarm +... + Ant, 


ant? + Qa + aga™ +... + Ane’, 


em + aa" + &e. Hana, 
and of the n functions, 
Karty | Kyat tt... t Kn, 
Kot +. Kyat Pt... + Ky, 
&e. &e. 
na Kt + yn Kya? + os Hank, 


and that consequently, if the degree of such conjunctive in æ be (n — i), 
it will be of the lowest weight when it is a linear function of the entire 
e upper set of functions, and 7 of the lower set; and consequently, the 
coefficient of the highest power of æ in such conjunctive will be the 
determinant 


kK, > on K;, .s..... K; eeeeeeeee | Riis > 

Ky. ai ay eevee LK; eee ee eee Kir 
me Rep pe RETER) oK; eeeeeeeee Kite 
ink, 1 ik, 2> ik, see aK, erat iK, i+e 

1 , oy ; As s.s... Mi— > ay eee Qi+e1 

A; Oj soosse Aj-1, Mi-e. Aite- 

Tiivi Aj-2; li Mites 

ROD ces E a; 


the weight of which is evidently that of 
K, Xx ils x lke ése X iKi x (a;)°, 
that is 14+345+...4+(21-1) +4, . 


that is è+ ei, or i(e+%), which is (n—«)(m—+) if i=n— i 
30—2 
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Hence the weight of the leading coefficient in the lowest-weighted 
conjunctive of f and ¢ of the degree ų in æ is (m — ++) (n — 1), m being the 
degree of f and n of ¢. 


From this we infer that any conjunctive of f and ¢ of the degree 1, 
of which the leading coefficient is of the weight (m—c)(n— +), all the 
coefficients being of course understood to be integral functions of the roots 
of f and ¢, must, to a numerical factor près, be equivalent to any other 
of the same weight; and furthermore, any supposed function of « of the «th 
degree which possesses the property characteristic of a conjunctive of vanish- 
ing when f and ¢ vanish simultaneously, but of which the weight of the 
leading coefficient would be less than (m —+)(n—1), must be a mere nugatory 
form and have all its terms identically zero*. 


Art. 21. We have previously shown, Art. 16, that X, as defined by 
equation (21), is an integral function of the roots f and @¢, and vanishes 
when f and œ vanish. Moreover, its weight in the roots has been proved 
to be (m—1)(n— +), and consequently, if by way of distinguishing the several 
forms of X, we name that one where « in the equation above cited is supposed 
to be divided into two parts, v and v, Sy,,, we have for all values of v and v, 
such that v + v is not greater than n, %,,, to a constant numerical factor près 
identical with the (v+v)th simplified residue to (f, $), so that the form of 
Yu,» depends only upon the value of v + v. 


Art. 22. It must be well borne in mind that this permanency of the 
value of S»,.-» for different values of v has only been established for the case 
where « can be the degree of a residue to f and ¢, that is to say, when ¢ 
is less than the lesser of the two indices mand n, When « does not satisfy 
this condition of inequality, the theorem ceases to be true. It is clear that 
when m = n and v +v =m =n, Sy,,, which always remains a conjunctive of f 
and ¢, can only be a numerical linear function of f and ¢; and I have 
ascertained when m =n on giving to v and v the respective values succes- 
sively (0, n), (1, n — 1), (2, (n — 2)) ... (n, 0) that 


T E E T pera ee aika 2) f+ (n—1) NS 


Sra =f+(n-1); Yno=¢. 
Thus, by way of a simple example, let 
f=e@+ar+b=(e%—h) (x — h), 
g=2+ax+ B= (a -— k) (a — k), 


* And more generally it admits of being demonstrated by precisely the same course of 
reasoning, that the number of arbitrary parameters in a conjunctive of the degree ., and of the 
weight (m-.)(n-—.)+e in the roots, cannot (abstraction being supposed to be made of an 
arbitrary numerical multiplier) exceed the number e. 
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psd ed ah 
PAET ANAA Garr =(e—h,) (wh) =f, 
Ban 
11 =X (@—h,) (@ — k) Faea 
9 (a —h,) (a ) fy : a 


= EFF SEF (a k) (hab) 


N i 

; _y@-hf 1 y/(@—k)(h-— k) (h: — k) 
that is AEA Brg h A], 
-z4 i (la — ha) æ + (ly + hy) hy — (haha + kya) ]} 


= (a —h,) a+ (a — hy) æ — (k, + hy) æ + (hha + kka) 
= {a — (hy + hy) æ + hiha} + {a — (k, + ka) œ + kika} 
= (a? + ax + b)+ (2+ ax + 8) 

=f+ 9; 


so we find also S., = ¢. 


Art. 23. The expression $,,,, which is universally a conjunctive of f 
and ¢, continues algebraically interpretable so long as v +v has any value 
intermediate between 0 and m+n; when v+yv=0 we must of course have 
v= 0 and v=0,and %,, becomes the resultant of f and ¢; when v+v=m+n 
we must also have the unique solution v =m and v =n, and Ym,n becomes 
necessarily f x ġ, which we thus see stands in a sort of antithetical relation 
to the resultant of fand ¢, say (f, $). Nor is it without interest to remark 
that f x @=0 implies that a factor of f or else of ¢ is zero; and (f, ¢) =0 
implies that if a factor of the one of the functions is zero, so also is a factor 
of the other, that is that a factor of each or of neither is zero, As ¢ increases 
from 0 to n or decreases from m +n to m — 1, the number of solutions of the 
equation v+y=c in the one case, and the number of admissible solutions 
of the equation v + v =< in the other case, which is subject to the condition 
that v must not exceed n, continues to increase by a unit at each step ; 
there being thus n+1 different forms %,,, when v+ v= n, and the same 
number when v+v=m-—1. For all values of ¢ intermediate between n and 
(m—1) (both taken exclusively) it is very remarkable that 9,,, will vanish, 
as I proceed to demonstrate. 
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Art. 24. The weight of the coefficient of the highest power of %,,, 
(v+ v being equal to +) is (m — ¢) (n — +), and consequently, when + is greater 
than n, and less than m, %,,, would contain fractional functions of the roots 
of f and ¢, if there were in it a power æt, but $,,, has been proved to be 
always an integer function of the roots. Hence the coefficient of æ will be 
zero, and so more generally the first power of æ in $,,,, of which the coefficient 
is not zero, will be w‘~*, subject to the condition (since evidently the weight 
of the several coefficients goes on increasing by units as the degree of the 
terms in æ decreases by the same) that œw be not less than (m—v)(t—n) ; 
let then w = (m — +) (t — n), Ye,» becomes of the form Age + Bat + &e., 
where A is of zero dimensions; but this is impossible if 1 — œ < n, for then 
As +&c. is a conjunctive of weight lower than the lowest-weighted 
simplified residue of the degree ¿— œw. Hence w is not greater than ı-— n, 
that is (m — +) (ı — n) is not greater than + -— n, that is m — + cannot be greater 
than 1, that is « when intermediate between m and n cannot be less than 
m—1, otherwise %,, will vanish identically. Moreover, when 1=m-—1, 
w = —n, and ı — w =n, and accordingly Ye, m—ı—v is not merely, as we might 
know, à priori an algebraical, but more simply a numerical multiple of ¢ for 
all values of v. The same is of course true also, m being greater than n, for 
every form Y, n—v, since this is always a conjunctive of f and ¢, of which the 
former is of a degree higher than the Y in question, so that the multiplier 
of f in this conjunctive must be zero*. 


Art. 25. To enter into a further or more detailed examination of the 
values assumed by %,,, for the most general values of m, n, 1, would be to 
transcend the limits I have proposed to myself in drawing up the present 
memoir. What we have established is, that to every form of %,,,_, apper- 
taining to a value of « between 0 and n, there is a sort of conjugate form for 
which s lies between m+n and m; that for =m —1 or =n, Sy,,-» becomes 
a numerical multiplier of ¢; and that when z lies in the intermediate region 
between n and m— 1, %,,,-, vanishes for all values of v. I pause only for 
a moment to put together for the purpose of comparison the forms corre- 
sponding to. and to m+n—ı By Art. 16, making =v +v, 


S= E(w — hg) (@ — hg,) «+. (@ — hqy) X (æ — ng) (=n) (s =n) 


by hq, tee id x Pra haves eee | 
Ne» NE, s Ne, Ness? gf Sees mas Ne, 


hg, ha, eee hay x Ne» Te. eee Ng 
h h h í 
‘Yoh Jota *** “Im Ney? a ea Ne 
* It thus appears that if the indices m and n do not differ by at least 3 units, 9 will have an 
actual quantitative existence for all values of « between 0 and m+n; or in other words, the 


failure in the quantitative existence of the forms $, only begins to show itself when this difference 
is 3; thus if m=n +8, 9, exists, and 3,,,, exists, but $,,,,=0. 
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The conjugate form for which «’.=m+n—cs and m—v,n—», vv take the 
places of v, v and (m—v)(n—v), will be got by taking 


Bp = E (2 — hgn) (@ — harya) ++ (2 — hga) X (2 — Mg, 5) (E Np, ,) +++ (© — Ne) 


pa ha, ea sd x be hass nas sd 
Ng» IA os Ne, $ L i NAR Thus om Ne, 


LS Gri ea aa 
be ha, eee Pa x K Ne, eee "| 
Rass lisia eee hin Miir of A Ney 
which it will be perceived are identical, term for term, in the fractional 
constant factor, and differ only in the linear functions of x, which in X, and 


in Xv are complementary to one another. Our proper business is only with 
those forms for which + <n. 


Art. 26. It will presently be seen to be necessary to ascertain the 
numerical relations between S,,, and X, when + <n, and this naturally brings 
under our notice the inquiry into the numerical relations which exist between 
the entire series of forms Y, .—» for a given value of 1, corresponding to all 
values of v between 0 and ¢ inclusive. 


In order to avoid a somewhat oppressive complication of symbols, I shall 
take a particular numerical example, that is m=7, n= 6, ı = 4, and comparé 
the values of Yoa; 94,53 92,23 93,13 34,0, all of which we know to be identical 
[to a numerical factor près] with one another and with the second simplified 
residue to f and ¢, that being of the fourth degree in æ; our object in the 
subjoined investigation is to determine the numerical ratios of these several 
forms of X to one another. 


First, let v=0, v= 4. The leading coefficient %,,, is 


Ae Ji 
727314 
which we know @ priori (it should be observed) to be essentially an integral 


function of the A and the y system. In this, the term containing »,° will be 
evidently 


756 
x hihighshghshghz 


Ns 
S in, hshg a (A) 


isai 
Ni NNI Na 


the » system to which the latter summation relates being now reduced 
to consist of M, Mz, Ns, M, Ns. In this expression, again, the coefficient of n, 
is evidently 1. Hence, therefore, the leading coefficient in 4, contains the 


term ns’ n. 
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Secondly, let v =1, v=3. The leading coefficient.in 3,,, becomes 


ri x bes | 
Ls hahghahsighs | 
Fe gies git x pen 
h, 1723 
In this, the factor affecting në will be 
7.7213 x 1475 
S hı hhghshshghz 
Pega x fer | j 
h, 72s 


m being now understood to be eliminated out of the » system included within 
the above summation. Again, in this latter sum the factor affecting n; 


will be 
on + be | 
h, hihshyhshghz (B) 


[all | fe) 
h, i 7273 


ns and », being now both eliminated out of the 7 system. This last sum can 
of course only represent a numerical quantity. 

So in like manner, again, if v=2, v= 2, the coefficient of nn’ in So, 
will be similarly reducible to the form 


Haine 
TE) teal : 


So, again, when v = 3, v= 1, the coefficient of nè n? in Ss, will be 


h | x bris | 
ahaha | * (huhhh |. n 
ee E LE (D) 
hihshgh, x ied 
hyhshs nı 
and finally, the coefficient of nè n in 9, will be 


aia A 


pai | 

Ayhghsh, 

out of all which sums it is to be remembered that n, and ns are supposed 
excluded from appearing. All these several coefficients being numbers 


in disguise, we may determine them by giving any values at pleasure 
to the terms in the 4 and 7 system. 
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Let now 9, = ù, Ma = he, ns = hs, n= hi, then in (B) it will readily be seen 
that all the terms included within the sign of summation vanish identically, 
except the following, namely,— 


Kaa ad | r ahahahahaha] hahahaha | 


aera i eei 


ee) * sacha 


KAE: EAR ebel kmg 


lr 
Hae aes 
begs ghyhshgh, "| x ra Feo 


Mans) [m 
he | r a h ht 
(pied EAN 


In each of these expressions the first factor of the numerator is identical 
in value (by reason of the equations h =m, ha =n, hs = 73, h= n) with 
(—)’ x the second factor of the denominator, and the second factor of the 
numerator with (-—)*' x the first factor of the denominator; hence the 
coefficient of n nè in X, is — 4 


In like manner the only effective terms of X, will be 
MMN | o | NM 73s me 
ERT | Teshghalele| | Ante et] > [ea ka, | 
Ke held Ba shshshgh; "| a A biel 
hsh, MN: ħħ, 7314 
MNs NNa 4 iy MNs 
hgh, hyhshshghy Lhihs} — LAghghshghy 
ibs shs i, mie ol fk s5 uhshih:| [mn i, fod’ 
hgh M Ns NNi 


A int ae 


fe ahs pid be eal in ahghshe sit k fron 
hyh 23 hyhs ms 
Any other term will necessarily contain in the numerator a factor, whose 


symbolical representation will contain one of the quantities 4, Ma, 3,7, in the 
upper line, and one of the quantities h,, hy, hs, ha, having the same subscript 
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index, in the lower line, and which will therefore- vanish; the number of 
effective terms being evidently the number of ways in which four things 
can be combined 2 and 2 together, and the value of each term is evidently 
(—}? (—1)?°1, so that the entire value of the coefficient of nè nè in Das 
is +6. 

Precisely in the same manner, we shall find that the leading coefficient 
in $;,, will contain the term — 4n nè, the (— 1) resulting from the operation 
(— 1)'* (—)*4, and in X, the term + 7,°7,°, the + 1 resulting from the operation 
(—1)**% Hence it appears that %4; 91,33 92,23 931; S40 are to one another 
in the ratios of 1; —4; 6; —4; 1; and so in general for any values of 
m, n, t (¢ being less than m and less than n) it will be found that 


a Srn ’ Je, t—2 eee AA 0 
will be in the ratios of the numbers 


=T, — 1)3(m-3) tili- 2 ; 
9 té ( 1) l 9 3 Dy eee 


Art. 27. The method employed in the preceding investigation will 
enable us to affix the proper sign and numerical factor to X, or S,,o, or in 


general to S,.-», in order that it may represent the Bezoutian secondary 
of the degree « in æ. This latter has been already identified with the 


simplified residue obtained by expanding 2 under the form of an improper 


continued fraction. For this purpose, it will be sufficient to compare a 
single term of any such Y with the corresponding one in the Symmorphic 
Bezoutian secondary. Let us first suppose that m =n, f and ¢ being of 
the same degree. A glance at the form of the Bezoutian square will show 


that if we form the Bezoutian secondary of the degree (n—7) in a, the 


i;e (= Pe es fe TO (—1):m-0, 


coefficient of its leading term will contain the term leg (0, 2)‘; (0, 7) 
as usual denoting the product of the coefficient of æ” in f by the coefficient 
of æ”— in @, less the product of the coefficient of æ” in ¢ by that of a“ 
in f; and as we suppose the first coefficients in f and ¢ to be each 1, if 
we term the other coefficients last spoken of a; and a; respectively, this 
said coefficient of the leading term of the ith Bezoutian secondary will 


aye” ; (jerk 
contain the term (-) i, (a; — a;)', and consequently (— ih "i a;* and 
iti | 
(-) 2 a;*. 
Now by the like reasoning to that employed in the preceding article, 
the coefficient of the leading term in $,,_;,5, that is 


ks Bas oss toh 

S (2 — Ia) (E — a) vs (0 gg) et T, 
1? e vee lg 

l ai eji 


‘Vita? "Rite * 
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will contain the quantity ¥ (h hə hs... h;i}, and therefore will contain a 
term {X (h ħəhħs... h;)}*, that is (—)# ač, which is equal to (—y aï, since 


i-1 
(¢—1)7 is always even. Hence $,,_;,9=(—) 2 x the corresponding Bezoutian 
secondary, 


Art. 28. The above applies to the case where we have supposed m = n. 
When this equality does not exist we may proceed as follows. Prefix to 
gw, the first coefficient of which is still supposed to be 1, a term ex”, where 
e is positive and indefinitely small, and let a so augmented be called ® (æ). 
Then if Mm, N2... Nn are the roots of dx, m, mM --. Mn, together with the (m — n) 


SF 
values of P , will be the roots of ® (æ). 


But it has already been proved that when (as here supposed) the first 
coefficient of fx is 1, the Bezoutian secondaries to f and ¢ will be identical 
with those to f and ® respectively ; at least it has been proved that these 
latter, when e = 0, but the form of ® is preserved, become identical with the 
former, and consequently the same is true when e is taken indefinitely small. 
Now if we call the (m—n) roots of ® which do not belong to ¢, Mn+» 


Nn+2 +++ Nm, and make 
ibe Igy +s au 
Vino => (æ üp hanı) (w med hays) vee (w 1 hgm) [io ha ria] , 


hgn» hass SE hq 
we have 


Yini, o ==P (he; ho, eee ho) js ha, sh ted : 


Nnti Nnt: Nm 
where 


bag hg, ++ 4 
P (hy, ha, «+ hg) = (@ — hga) (@ — Peggy) «++ (@ — hgn) pp tes . 
‘dy? ‘da eve Mla; 
Riis hone eee a 
But since 941, Yn+2 +++ Nm are infinite in value, 


ie ith Wi = (C= Mna) (= ms) + (dl (2) 


i 
. 


Nnti Nna.. Nm 


Hence Paiti = (=) =P (hq, ha, ses ha) 
= (3) Fato 
€ 
and Funke = OV ini: 


But by what has been shown antecedently, taking account of the fact of the 
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leading coefficient of ® being e in place of 1, which introduces the factor é, 
we have 

eV mio = E BY 
where B,’ is the Bezoutian secondary of the (m — ti — 1)th degree in æ to f and 
¢; but B/ has been proved = B;, the Bezoutian secondary of the same 


t=1 
degree to f and $; hence Ym-io=(—) 2 Bi. 


Art. 29. If now we return to the syzygetic equation, 7f—t¢+3=0, 
9 may be treated as known, having in fact been completely determined 
as a function of the roots, as well in its most general form, as also so as to 
represent the simplified residues to f and @ in the preceding articles; it 
remains to determine the values of r and ¢ as functions of the roots corre- 
sponding to any allowable form of X, but I shall confine the investigation 
to the case where $ is the lowest-weighted conjunctive or, which is the same 
thing, a simplified residue to f and ¢ of any given degree in æ; each value of 


$ 


; will then represent one of the convergents to 7 when expanded under the 


form of a continued fraction. If Y be of the :th degree in æ, r is of the 
degree (n — ı — 1) and t of the degree (m— «+— 1). This being supposed, and 
calling n — ı — 1 =v, m— ı — l = p, I say that ¢ will be represented by G and 
t by T, where 


(eee ha, An 
=(—) = om EA ag he OT Maes. 
G=(-)' È (a@—hy,) (£ a ha,) Ke i a) 

Rayer? hauss i han 
and 7 is an analogous form T; h,, hy... hm, as heretofore, being the roots 
of f, and Mm, M.. 9 of $. To fix the ideas and make the demonstration 
more immediately seizable, give m and n specific values; thus let m= 5, 


n=4, i =2, so that ~w=5—2—1=2. Put S under the form X, o, so that 
X in the case before us 


ha, ha, ha, a 
ha, hq, 


Now make «= h, then f= 0, and 9 becomes 


bay | 
=E (e-h) (oy) MT 


2 ha, ha, l 
= (hy ha) (hy — h eaa 


ha, hia, ha, 
ha, ha, 
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kk | k ha hs ] 
that is 5 hghs | Lm 121315) 
hy hy hs y 
h, being kept constant in the above sum, but hə, hs, ha, As being partitionable 


in all the six possible ways into two groups, as into hı, hs: he, hs in the term 
above expressed. This sum is evidently identical with 


G : Ns ay 


p 


Ted 


Ps h, hg | 
se T 
g% ™m Nes N4 i that K | 
2 si yd Ni Na Ns Na i 
ahs 


Again, ¢ becomes 


l 
Ni No Ns Na : 


per 


ħa ħs 
hghs 


Hence t= X becomes 


$ 


But, when æ= h, ac becomes 


Gni ik 
K i Tit " ; 
nee al 
that is | am k n. i J i 
h, hy hs 
a(i It 


Thus when æ = h, t=G. In like manner, when æ =h., or hg, or hy, or hs, 
t always = G; but ¢ and @ are both functions of æ of the same, namely 
of only two, dimensions in æ. Hence ¢ is identical with G. So in general 
it may be proved, that whenever æ = h, or h,or hs... or hn, t and G, which 
are each of only (m—1-—) dimensions in æ, are equal. Hence universally 
t = G, as was to be shown. To find r we must avail ourselves of the sym- 
morphic, or as we may better say (it being at the opposite extremity of the 
scale of forms), the antimorphic, value of Y represented by 3, ,, taking care 
to preserve Y strictly identical under both forms of representation, in point 
of sign as well as quantity. That is to say, we must make 
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ija he aad 


Narr? Ndizo *** ha, 
=. \b Gn—t) ie et rhe Eo Let es nE 
So. .=(-)™ = (x No) (z Nae) (a Ng.) Kee ne ial 

Nay» Ng +++ Ng 
Fes Ngero +t Mee) 
he. | ee m 
= (—)° E(x- ng) (8 — Ng) «+» (@ — M.) [Pnv Ton M ; 


Nos Ngere °** Nan 
Nay» Ng + Ng 
where w=ı(m—ı)+m(n—ı), 
so that (-)° = (re poe (=) : 


and consequently the same reasoning as was applied to ¢ to prove t= G, will 
serve to show that — 7 =T, where 
Ng egte A 
Ped 


Meia Meig coe Tp. 


or 
le hy eeehe 
Ne» Ne HTA 
T=(-) È (£ —n;) (@— m) ... (@- n ) M, 
ea "ty spore 
Nya? a) E one Te 
where w =mn — 1 — mv=mn— 1 —-m(n—ı— 1) 


=m+m— 1. 


Art. 30. I have not succeeded in throwing t and r under any other than 
the single forms for each above given, and it is remarkable that whilst 
apparently ¢ and r admit only of this single representation, Y admits of the 


variety of forms included under the general symbol 9,,,, for a given value | 


of «; and it ought to be remarked that these forms, although the most 
perfectly symmetrical and exactly balanced representations, and for that 
reason possibly the most commodious for the ascertainment of the allotrious 
factor belonging to them respectively, by no means exhaust the almost 
infinite variety of modes by which the simplified residues, that is, the 
hekistobarytic, or if we like so to call them, the prime conjunctives, admit of 
being represented as functions of the roots of the given functions; for if in 


Art. 16, instead of writing 
oe Te Pgs st. ‘4 
Tey? Mty *+* Ned ve 


oop qı? aoe hg, | y p | Nts? ves a 
haas ha > lota” + han Ng Aa! 


v+ á g v+2 
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we had made 
p (ha, hg, ores hay "> Nts oe ng) 


f begs Ha aa J K Np A 
hans? hae eee ha, OD PR, Deity eee fe 

where P represents any function symmetrical in respect of hq, ho, -.. hg,; 
and also in respect of Ng,» Ng, +++ Ng» (the interchanges, that is to say, between 


’ 


one h and another h, or between one y and another y, leaving P unaltered), 
it might be shown that the value of Y, resulting from the introduction 
of this more general value of R would (as for the particular value assumed) 
always be expressible as an integral function of the roots; and consequently, 
if P be taken of the same dimensions in the roots as the numerator of R 
previously assumed, that is vv, $,,, would continue to be (unless indeed it 
vanish) identical (to some numerical factor prés) with the corresponding 
simplified residue. If, on the other hand, P be taken of less than wv 
dimensions in 4 and ņ, we know à priori that %,,, must vanish, as otherwise 
we should have a conjunctive of a weight less than the minimum weight. 
When P is of the proper amount of weight vv, it is I think probable that 
another condition as to the distribution of the weight will be found to be 
necessary in order that S,,, may not vanish, namely, that the highest power 
of any single h in P shall not exceed v, nor the highest power of any single 
m exceed v. But as I have not had leisure to enter upon the inquiry, the 
verification or disproval of this supposed law, and more generally the evolu- 
tion of the allotrious numerical factor introduced into 3,,, by assigning any 
particular form to P satisfying the necessary conditions of amount and 
distribution of weight, must be reserved, amongst other points connected 
with the theory of the remarkable forms (19) Art. 15, as a subject for future 
investigation. 


Art. 31. A property of continued fractions, which, if known, I have not 
met with in any treatise on the subject (but which has been already cursorily 
alluded to in these pages), gives rise to a remarkable property of reciprocity 
connecting 7 and ¢ severally with X in the syzygetic equation tf — tọ +9% = 0. 


Let the successive convergents to the ordinary continued fraction 


Si eS Sere ae 
Ut Gt gst Gat gi 


be called 
ae es 


M’ Mm Mia Mm’ 


respectively ; it is well known that 


mil; — mili = (—) 1; 
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but I believe that it has not been observed that this is only the extreme 
case of a much more general equation, namely 

Mi—pli — ml» = (—) P he1 *, 
where 4, Ha... u; denote respectively the denominators to the convergents 
to the continued fractions formed with the quotients taken in a reverse order, 
that is, the continued fraction 

1 1 1 te | 

qit Jint lit etn’ 
This is easily proved when p= 1; js is of course (as usual) to be considered 1. 
So more simply for the improper continued fraction, 


li E E . a | 
m p7p gag 
of which the convergents are supposed to be 
ae i tk 
m’ Mm ` Mmi’ mi 


, 


and the reverse fraction 
Be | eae i 
qi= Ga GG’ 
of which the convergents are supposed to be 
M De de 
pa Po fi 
we have the more simple equation 


limi—p — lipi +p = 0. 


And it is well known, or at all events easily demonstrable, that 


a IE ——— m ——— 


he ENS Wi T E. 


Mi qi- qi — Yi-2 a= 
Art. 32. If now we use subscript indices to denote the degree in æ of the 
quantities to which they are affixed, we have the general syzygetic equation 
ETna fn ae Rtn Pn + KS, = 0, 


where K, a constant (which I have given the means of determining in the 
first section), being rightly assumed, Kt,_,,, Ktm—-ı become the numerator 


J , 
* See London and Edinburgh Philosophical Magazine, “ On a Fundamental Theorem in the 
Theory of Continued Fractions,” Vol. vr., October, 1853, [See below.] 


and denominator respectively of one of the convergents to expressed as 
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an improper continued fraction, and KY, becomes the denominator to one of 


the convergents to tma, or, which is the same thing, to tea: Conversely, 


it is obvious that if we adopt as our primitive functions cf, and tm, 
c being the value of K when «=0, we shall obtain as the general form of 
our syzygetic equation, bearing in mind that (m — 1) now replaces n, 

CK Ty 1 fn — BS ata + Kt, = 0; 
and similarly, if we adopt as our primitive functions Tn and cn, we obtain 
for our general syzygetic equation, observing that (n— 1) now replaces m, 

K' Seta — CK tm ign + K’t, = 0; 
so that (making abstraction of the constant factors and looking merely 
to the forms of the several functions which enter into the equations) we see 
that on the first hypothesis, namely of t,,_, being substituted for $n, the con- 
junctives of each degree in æ change places with the second conjunctive 
factors, that is the original multipliers of ¢ of the same degree in æ, and 
vice versd ; and in the second hypothesis, where Ta~ takes the place of fm, 
the conjunctives of each degree in æ change places with the first conjunctive 
factors, that is the original multipliers of f of the same degree in æ, and 
vice versd ; tm and Tn being respectively multipliers of ¢ and f, such that 
the difference of the respective products is independent of æ. These results 
ought to be capable of being verified by aid of our general formule for t, 7, 8, 
and as this verification will serve to exhibit in a clearer light the nature 
of the reciprocity between the conjunctives and the conjunctive factors, 
it may be not uninteresting to set it out. 


Art. 33. As usual, let h,, ha... hm be the roots of fx, and mM, n... Mn 
the roots of ġæ; the last conjunctive factor to ¢, which is of the degree 
(m—1) in a, will be represented, neglecting powers of (—), by tm, where 

ki hg, ae bsa 

tm- = È (@ — hq,) (@ — hig,) «+ (@ — hams) poete s . 
qm 

em Sik 

If now we for greater simplicity make ¢,_, = t (x), and call the roots of t, 
Mis No +++ Mma, any such quantity as 


[em anin |= Om) = Can =Ma) Chg = hyo n= has) 
$ (hy) $ (yp) «2 $ Oa) 
ly "z hq) (hon, — hq.) + > (ham Bä ham-1) 
“3 x Oa) $ (ha) -. » Dhan) 


et shy 


* Since « is always supposed less than n (n uag the degree of the lower degreed of the two 
functions f and ¢), the fact of the last quotient to - fm- being wanting to Tn=1 will not affect the 


accuracy of the statement in the text above, since this latter will contain as many quotients as 
can in any case be required for expressing 3. 


8. 31 
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R denoting a constant independent of the root h,,, selected, in fact the 
resultant of the two functions fx and æ, that is to say, 


p M) p (ha) p (hs) «++ $ m). 


But by our general formulæ the simplified residue to fx and t (æ) of the 
ith degree in æ will be represented by 


( pee haus sjeo ham | 
o o Ai Ne ++? m1 


K k SA. l i 
hg? has gas han 
therefore 


Y= 2 (@—hyg,) (@ — hq,) ... (@— hg.) x Rm Q Chass) Pass) +++ am) 


q? ha, pete ha, 


Qeti? “dit t’ ham 


= RS (a — ha) (a — ig) o» (ae h) Pad P Oy) += Oa) | 


ie Rii A 

hgn» Rasa TRN ham 

or 

T, ires V aaa t., 

the relation which was to be obtained. So conversely, in precisely the same 
manner, calling ¢’, the conjunctive factor of the degree ų¿ in # to t(s) in 
the syzygetic equation which connects fx and t(#) with a corresponding 
simplified residue, we have 


ee ha, » ha, | 
t= 3 (@—hq)(@— Ig) ov. (e-h) Tem 


| ha, ’ ha, "RR ha, 
haus ’ has KES ham 
= BOE (@— hy) (0- hy)». (@ — ig) 2 Hee P Cau) Pd | 
4 | qı? a ee 
hgy ? hase pre ham 


the conjugate equation to the one previously obtained*, 


= Ra Nis 


And evidently the same reasoning serves to establish the reciprocity, 
or rather reciprocal convertibility, between the Y series and the r series, 
when in lieu of the original primitives fv and ġæ we take as our 
primitives r (x) and ġe, r(x) being the function which satisfies the 
equation 

i t (a) fa —t(x) pv+3 =0. 


* M. Hermite, by a peculiar method, first discovered one of these two conjugate relations of 
reciprocity, applicable to the case of Sturm’s theorem, where ¢r=/’z, and I am indebted to him 
for bringing the subject under my notice. 
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Art. 34. It may be remarked that if n=m-—1, the last syzygetic 
equation being thus tm—ım—ı — Tm—2fm — Yo = 0, when ty» and fm are taken 
as the primitives, the corresponding equation will be of the form 


U m1 tm- — P m + y= 0 ; 


these two equations must therefore be identical, and consequently t'm-1ı = mı 
(to a numerical factor près), so that t_, and m are reciprocal forms; this 
is also obvious from the consideration that ¢’,,_, must, by the general law 
of reciprocity (established above), be a residue to (fin, mm) which the 
latter function itself may be considered to be. Or the same thing is obvious 
directly, by writing 


tm- =t (a) = = (a —h,) (© — ha) (0 hand) ERGs G, 


and then making 
t (ha,) t (ha) »-+ t (ham) 


Paea PAAA E e EAA S EY 


= R" Y (æ — hg) (@ — hg,) «+. (@ — homa) ATE a 


(han — hg) <-> ham — hin-i) 


= Rm5 (æ a hg.) ase (a > han) [ee eines | ast vay i 


or finally, 
Un wie dg, 


as was to be shown. 


Section III. 


On the application of the Theorems in the preceding Section to the expression 
in terms of the roots of any primitive function of Sturm’s auxiliary 
Junctions, and the other functions which connect these with the primitive 
Junction and its first differential derivative. 


Art. 35. The formule in the preceding Section had reference to the case 
of two absolutely independent functions and their respective systems of roots : 
when the functions become so related that the roots of the one system 
become explicitly or implicitly functions of the roots of the other system, 
the formule will become expressible in terms of these latter alone, and in 
some cases the terms (of which the sum is always essentially integral) will 
become separately and individually representable under an integral form. 
Such, as I shall proceed to show, is the case for two functions, of which one 

31—2 
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is the differential derivative of the other, 


df 


so that ¢= 


the roots of ¢, we shall have in general 


, calling as before h, h,... 


On a Theory of the Syzygetic Relations 


h» the roots of f, and m, n... 


[57 


When f and ¢ are thus related, 


Nm-1 


h i 
bg hi nos Wie | a (hasi — M) (hasi — 2) «+ (haus i Nm-1) 
h hg h 
= f') =| S |- | qi | | li+1 | f 
f ee ba ho, EY has Nain 2a ham hg,» ha, ++ wh i hina has FIO han 
Consequently 
ba hgs a ham | s. ai | x or | x 
Mm, No +++ Nma Ms N-e. Nm Mis Na... Nm 
x fa | 
Nis Mors Nm 
= thes | x bes | 
ha,» ha, pe ho, hoses Qi+s °°° hams 
hase | P | 
x x 
ie ha, -3 ha, hini» hous ee hanes 
PTT T 
ham hy | 
x x . 
lien ha, £29 ha, hgy» hoys Fa hams 
hg» hana eae ham | 
Hence Lith: hi +2+ In} 


hanı , h 
hg, h 


q2 


Qi+1 


Ji+2 ee 


am 
» he, | 


| 


i+2? 


h | ks 
x 1,8 Nie Mie 
haus hey ha] [e haus <a ham Rais» 


hase ry a, 


= (— — in mia E lige» h 


ham)» 


dio *** 


the ¢ denoting the operation of taking the product of the squares of the 
differences of the quantities which this symbol governs. 


Hence the Bezoutian 


secondary to f and f’ of the (m—i-— 1)th degree in a, namely 


(7) : T 2 (£ 7 has) (x ia hgs) + 


becomes 


Or 


1) DE (hg,, hg, ++ 
e IE (h, hg, ++ y 


a ha, pez ha, | 
em-h Nis No «+» Nm- gs 
A om) Th hga: Rya liialt 
Nass» has To ] Lam 
ħa) (a — hae) (a — Nang) + (@— ham) 
ha) (a — hai) (£ — hans) + (a- hgm)» 
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since (—)'*) =1; this gives the well-known formule (enunciated * by me 
in the London and Edinburgh Philosophical Magazine for 1839) for expressing 
M. Sturm’s auxiliary functions in terms of the roots of the primitive, and 
which I therein stated were immediately deducible from the general formulz 
(also enunciated in the same paper) applicable to any two functions. These 
more general formule appear to have completely escaped the notice of 
M. Sturm and others, who have used the special formule applicable to 
the case of one function becoming the first differential derivative of the 


other. 


Art. 36. In precisely the same manner, if we form as usual the ordinary 
syzygetic equation 
tf'&— rfe +3 =0, 


we may find the different values of ¢ given by the complementary formule ; 
and using t; to denote the multiplier of the degree 7 in a, that is appertaining 
to the residue of the degree (m — i — 1) in a, we have 


PIPE yee PL iy ee RY ee a ee whe 
fie hy, ET a) (@ —hg,) ++. (@ — ha) 
has» hoes pe han 

= EE (hy, Ng, «++ hg) (@ —hg,) (@ — hg,) «++ (@ — hg). 


Art. 37. Thus, if we make i= m-—1, 
fila = bm = UE (hys hg, «++ hom) (@ — hg) (@ — hg,) «++ (@— hams): 


It is evident from the form of f'e that it possesses relative to fx, the same 
property as f’x, I mean the property that when « is indefinitely near to a real 
root of fx, and is passing from the inferior to the superior side of such root, 


a like Ge will pass from being negative to being positive, or in other 


words, fæ and f’« have always the same sign in the immediate vicinity 
to a real root of fv. Hence it follows that f{’# might be used instead 
of f’x, to produce, by the Sturmian process of common measure, a series 
of auxiliary functions, which with fx and fix would form a rhizoristic series, 
that is a series for determining (as in the manner of M. Sturm’s ordinary 
auxiliaries) the number of real roots of fx comprised within given limits. 
The rhizoristic series generated by this process will, it is easily seen, be (to a 
constant factor près) the denominators (reckoning +1 as the denominator 


in the zero place) of the successive convergents tore thrown under the form 


[* p. 45 above.] 


www.rcin.org.pl 


486 On a Theory of the Syzygetic Relations [57 


of a continued fraction SEMN ? tn M. Sturm’s own rhizoristic 


h- Qp ma In 
series, on the contrary, will be (to a constant factor près) the denominators 


of the convergents to the inverse fraction Ae which will be of the form 
K (= - ae : =); accordingly these two rhizoristic series will be 
On =i Fn —- — de 
equivalent as regards the number of changes and of combinations of sign 
(afforded by each) corresponding to any given value of æ, of which of course 
the q’s are linear functions. This result agrees with what has been demon- 
strated by me* by a more general method (in the London and Edinburgh 
Philosophical Magazine, June and July 1853), where it has been proved, 


by means of a very simple theorem of determinants, that the two series 


Bitesdronbesn ye E dey thy t By, gh tne 
he’ i — Yo’ l — G2 — Ys’ "a —G—- Ys In’ 
and 
1 1 1 1 1 1 1 1 1 1 


i,” Qn ay Qn — d Ee — Qn" yy On = Yn— — "Pe Oe 
always contain (for real values of qı, q2, qs «+» Yn) the same number of positive 
and negative signs. 


Art. 38. Having now determined the general values of Y and ¢ in 
the equation t/’«— rfe+%=0 as explicit integral functions of the roots 
of fx, the more difficult task remains to assign to r its value similarly 
expressed. This cannot readily be effected by means of substitutions in the 
general formule, the method we adopted for finding ¢ and X; but all the 
other quantities except r in the syzygetic equation being integral functions 
of the roots, it is evident that r also must be an integral function of the 
tfa +3 

fa ` 

To obtain the general form of r by direct calculation from this formula 
would however be found to be impracticable ; the mode I adopt therefore 
to discover the general expression for r corresponding to different values 
of X, is to ascertain its value on the hypothesis of particular relations 
existing between the roots of fz, and then from the particular values of r 
thus obtained to infer demonstratively its general form, as will be seen 
below. The demonstration of r is unavoidably somewhat long, r being in 
fact represented by a double sum of partial symmetrical functions. 


same, and to obtain it we may use the expression 7 = 


Using the subscript indices of each function as the syzygetic equation 
to denote its degree in æ, we have in general 


tmiaf @— Tmi»fe+3;=0, 
[* See below pp. 616 and 621.] 
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where if we make 
h-v=kh,, h—x=k,...hn—2=km, 
so that 
hi — ho = ki — ko, 
E (he, he, eos hop) z § (ke; ko, ig kop), 
we have in effect found 
Si 3 akg k, a he Kea, E (Kauss Kans os Keon) 


and therefore 


and 


Re T ee EA SNT 
we have also f’ (x)= (—)"~ Sk hy. wk 
Let us commence with the case where t =Q; we have then 
D = f(b; bes FR) . 
ka = a, Ko. <4 Ban; & (has Ka ee 


Ym-1"* 


we have thus 
(—)™ Tena Kyles. en = CS begs Tein) 
TO kyk: es byes x < Skaka it kom- E (kg,» ka, kisa Kamas)» 


It may easily be verified that the negative sign interposed between the two 
parts of the right-hand member of the equation has been correctly taken, for 


E (leis ky... km) contains a term kra kamaa .., kms k ma; 


Sho, ky, «+» k 


am- contains a term kika... km-a km-i» 


and 
Eko Ko- +- Kamer E (kos Kase- Kam) Contains a term km- kpm t... Km 5 ins; 


and thus the term kem» kem- ... ktnm-Kêm-ı which does not contain 
kika... km, will (as it ought to do) disappear from the right-hand side of 
the equation. 


Now suppose 
ky = ks, 


Bik, o bed =, 
4 (ko ky +++ Kant )= 0, 


except when one or the other of the two disjunctive equations 


then 


and also 


qi» VET Ys eee Qm- = ii 3, 4 sew Mi 

91, Ya» Qi as Ga = 2, 3, 4...™ 
is satisfied (by a disjunctive equation, meaning an equation which affirms 
the equality of one set of quantities with another set the same in number, 
each with each, but in some unassigned order). 
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Hence 

j Bka keg, Kas Kant E (ka> ka, Ay kama) 
BBs bX DE SAG E 


Hence when k, = ka, (—)” Tm- becomes 


2 
ki Sika, May o++ Mae. & (Kis he -+» kn), 
that is 
26 (ki, Kes... km) (ki Ek, ley, «++ Krug + Zerka «++ km}, 
the = referring to rs, 7... "m Supposed to be disjunctively equal to 3, 4... m. 
Now Tm is of (m — 2) dimensions in a, and whenever more than one 


equality exists between the k’s, 3, and tm both vanish (in fact every term 


in each vanishes separately), and therefore Tm- which = W + tma f'o ; 
i rls Ki 


will vanish. 
Hence (—)” Tm- must be always of the form 
EE (hg, ho, +++ ams) X E (kgs ko, +++ kamis Kam) 


W denoting some integral function of (m — 2) dimensions in respect of the 
system of quantities hig, kg, --- kame The result above obtained enables us 
to assign the value of 


t4 (ky, ks eee ke, ky), 
when k, = k}, namely 
ky (Fers Bry <00 Brina) + keok oo. km: 


Now for a moment suppose, selecting (m — 1) terms kı, ks, ky... km out 
of the m terms of the k series, that i 


O (ky, ks, ka... km, ka) = kon — kom S, (Ie, ks... Kem) + kan S, (Key, eg «++ km) 
+... F kams (ki, ks ... km) + 28m- (ki, hs... kem), 


where S, means that the quantities which it governs are to be simply added 
together, S, denotes that their binary, S, that their ternary, and in general 
S, that their r-ary products are to be added together. 


When k, = ka, Q becomes 
kra — km {k + S, (hey, fey... En)} E e —* [he S, (kes, ka <.. lem) + Sq (leg, ka «++ Hem) 
— ky {ke S, (kes, Key.» kem) + Sy (ks, Ka... Em)} $ 
+ ky {f Ema (es, ki- lem) + Ega (Es ka o-o Kemm)} + Sia (hig, Hig +++ Tom), 
which evidently equals 
+ {2Sn_. (hs, hy... Kem) + hr Sin—s (hes, Key... ka), 
that is $ {hE (lrg, Brg «+. Bens) e S .:: Tema} 
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Hence when k, = k,, Y = Q, and 
Gia Tm— = IE (ha hq, is ham) x 0 (kg, ka, tä kam-1 kam) ; 
and so in like manner, when k, is equal to any one of the (m— 1) quantities 
ka, ks... km, the form of Tm- above written will have been correctly assumed. 
But tm. may be treated as a function of (m—2) dimensions in k,, and 
consequently any form of (m — 2) dimensions in ķ,, which fits it for (m — 1) 
different values of k,, must be its general form, and accordingly we have 
universally, 
(=)" Tm- = VE (hg, ha, +++ Rams) X {(@ — ham)” 
— (a — hyn)" K (@ —hg,, @— hg, rae E — hima) 
+ (a — han)” YS, (@ — hg, 8 — hg, ... £ —ham_,) + Se. 


F (@ — Ngan) Sm—s (£ —hq,, £ — hg, «+ & — homi) 


qm-1 


+ 2Sm—2(@ —hg,, © — Ig, <. ©— homa): 


Art. 39. With a view to better paving our way to the general form of 
T for all values of 7, let us pass over the case of 1=1 and go at once to the 
equation 

tas} @—Tm~Jfe+3,=0; 
and to better fix our ideas let m =7, so that the equation becomes 
uf t=T fa +3,=0; 

we have then, preserving the same relation as before, that is, using h to 
denote any root of fx, and k to denote h — a, the equation 

t hykeghshighighghy ts = Eq, kq, § (ka, kg kaska, kg) 

— Taka kakgkeg,kg, X E {kq kq, kaka, E (kg, kg, kq, kq.)} 5 

now 7; will vanish whenever more than three relations of equality exist 
between the k’s, for then each term in both of the two sums in the right-hand 
member of the equation above written will separately vanish ; and of course 
three relations of equality between the same are sufficient to make all the 
terms in the first of these sums vanish. This relationship between the 
different k’s corresponding to a multiplicity 3 may arise in different ways; 
the multiplicity 3 may be divided into 3 units corresponding to 3 pairs of 
equal roots, or into 2 and 1 corresponding one set of 3 equal roots, and a 
second set of 2 equal roots, or may be taken en bloc, which corresponds to 
the case of one set of 4 equal roots. I shall make the first of these supposi- 
tions, which will sufficiently well answer our purpose in the case before us. 


Thus I shall suppose 
ky, = ky, ky = ks, ky = ke, 


then, as above remarked, 
E (ka, kq kg, ka, kg) =0 
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for all values of qs, Ys, qs, Ye» Gr, and therefore 
Shea kq, € (kaka ka, haghq,) = 9 ; 
also Ekg Kq, Ka, kq, Kg, Ka, becomes 
Ky keokts {k kaks + 2k; (k, k, + kiks + kzks)}, 


and ¢ (kq, kq, Kq, kq) vanishes, except for the cases where qı, q2» qs, Ys represent 
respectively, q, the index 1 or 4, qa the index 2 or 5, qs the index 3 or 6, and 
q, the index 7. 


Hence Tho kq, kq, kq, € (kakar kg, kg) = Zk kakgh, E (k, kzksk;), 
and consequently T, becomes 
+ 8¢ (krkaksk;) x {k,kakg + 2k; (krk, + kiks + kaks)}. 


Hence we are able to predict that the general expression for our r in the 
case before us will be 


Ts = FUE (kq, kg, kg, kg,) 
X (deg? + hig? + kg) — (kg? + kg? + kq) (kq, + kg, + kg, + kg) 
+ (kq, + kq, + kg,) (gkg, + kg, kg, + kg, kg, + kg, kq, + kg, kq, + kg,kg,) 
— 4 (keg kq, kg, + kg, ka, kg, + kg, baka, + kq, kq, kg,)}. 
For in the first place, the fact that the 7 vanishes when more than three 


relations of equality exist between the k’s, proves that we may assume Ts 
of the form 

XE (kq, ba, asha,) X Q {kg ka, kaska, ; kakak)» 
the semicolon (;) separating the k’s into two groups, in respect of each of 
which severally @ is a symmetrical form. But if in the expression last 
above written for r we make 


k, on ky, k, = ks, ks > ke, 
it becomes 


F 8¢ (kikakzk;) x (hy? + kè + kè) — (k? + kè + kè) (ki + hea + ks + k) 
+ (k, + ka + kes) (kika + kiks + kaks + kik + kak; + ksk) 
— 4 (kikk; + ky high, + kikgk, + kaksk,)}. 
Now in general if 
Oy = A + af + gs +. tA, 
and S, = È (a30; «.. My), 
then Or — CrNi + CrN +... + 7S, = 0. 


Consequently the sum of the terms constituting the second factor in the 
above expression 


= (3 — 4) ki kaks + (2 — 4) k, (kı ka + kiks + kaks). 
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Hence the above expression becomes 
+ 86 (ky kaksh,) {ky kaks + 2 (kika + kik + kegks) key}. 

Thus, then, whenever k, kz, ks are respectively equal to any three of the 
quantities k,, ks, ke, kı, which may take place in twenty-four different ways 
(twenty-four being the number of permutations of four things), our 7; will 
have been correctly assumed; but  ¢ (kq, Kokka) being replaceable by 
E (hg ħa, ħq,ħq,), the Ts may be treated as a cubic function in hy, ky, ks, and 
arranged according to the powers of k,,k,, k will contain only twenty terms ; 
hence, since the assumed form is verified for more than twenty, that is, for 
twenty-four values of h,, ha, hs, it follows that the assumed form is universally 
identical with the form of r, which was to be determined. 


Art. 40. Now, again, in order to facilitate the conception of the general 
proof, let us suppose fx to be of only five dimensions in g, 7 still remaining 3: 
it will no longer be possible when we suppose a multiplicity three to prevail 
among the roots, to conceive this multiplicity to be distributed into three 
parts, for that would require the existence of three pairs of roots, there 
being only five. But we may, if we please, make h,=h,=h;, and huy = hs, 
or else h, = hs = hs = h,, or in any other mode conceive the multiplicity to be 
divided into two parts, 2 and 1 respectively, or to be taken collectively 
en bloc. Asa mode of proceeding the more remote from that last employed, 
I shall choose the latter supposition.’ Then we obtain (r now becoming 
T5—2~-2> that is Tı) 

kilskikikiti= + Ekg koky ky, X Eleg ha, E (krn bu) 
and £(k,,k,,) will vanish, except in the case where qı represents the indices 
1 or 2 or 3 or 4, and q, the index 5; also 
Zikg, kq, kq, kq, = Keqy’ + 4k? ks. 
Hence our equation becomes 
ktkt = + (ky! + 4k ks) 4k, ks o(k, ks), 
and + becomes — 4% (ky ks) (ky + 4h;). 
If, now, we assume for the general value of r in the case before us 
i abner =O (kq, kq.) {(Kq, + ka, * kg,) < (kg, I5 ka,)}» 
when k, = ka = k; = ki, T becomes 
+ 4g (ky ks) {3k Ei (4k T ks)}; 
that is + 40 (kks) (k, + 4ks). 
Hence then for the two systems of values of h, ho, hs, namely 
h, =h 4 h, al hs 
h= h, or | 
Ha sie Ki (hg = hs, 
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the form of r will have been correctly assumed. But since the derived form 
is a linear function of h, hy, hs, this is not enough to identify the assumed 
with the general form, since for such verification four systems of values must 
be taken, four being the number of terms in a function of three variables 
of the first degree. If, however, we had adopted a separation of the multi- 
plicity three into two parts, and had started with supposing k, = k= k, 
k= k,, we should have found that + would have become 


=x 66 (k, ks) (2k, + 3k). 
Moreover, when these equalities subsist, 
ky kkk, + kykokighs + kıkzkıks + key ktghghs + kokykghs 


becomes 2k,°k, + 3k2k,2, and the common factor k,*k, disappears in the course 
of the operations for finding 7, and eventually we have to show (in order to 
support the universality of the previously assumed form for 7) that 


ka, + kg, + kg, — 4 (kq, + as) 


becomes — 2k,, — 3k; when 


and kg 


which is evidently true. Hence then r will have been correctly assumed for 
the following cases, 


kh, =k, = k; = k; 
k= k, = k; = kı; 

and also for the cases . 
k, = k, = k; and k; =k, 
k, = k; = k; and k, =k, 
k; = k; = k; and k = k ! 


=k, and k, =k, 


k= k, = k, and k; =k, 
ks . 
k= k; = k, and k, = k 


that is, for eight cases in all, whereas four only would have sufficed. Hence, 
ex abundantid demonstrationis, the form assumed for 7, is in the case before 
us the general form. 


Art. 41. We may now easily write down the general form which r 
assumes for all values of i and prove its correctness. If the roots be 


ae ay Say ee 
and | a a y ‘t— Tm—i—2 fi 2+ 9; = 0, 
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we shall have 
£ Tima = & {EF (lag, Rag heg, «++ Rays) X [Om+-2 — Omg + Om aS, F &e. 

+ (anaes 7, ous + (yea G o t 1) fs AP a | 
where ø, denotes in general the sum of the rth powers of the (¢+1) quantities 
(a ie han~)» (£ a haneiss)s wee (@— ham) 
and S, denotes in general the sum of the products of the complementary 

(m—t—1) quantities 

(æ — ha), (@—hg,)... (e—-h 
combined r and r together. It will of course also be understood that 
o=t+1, so that oo +1=74+2. 


Ym-i-1 ) 


Art. 42. To prove the correctness of this general determination of the 
form of T»~i-2, let us suppose in general that ¿+1 relations of equality 
spring up between the m quantities kı, k... km; we shall then easily 
obtain (NV representing a certain numerical multiplier) 


£ Q= NE (ly, fae a a Fame 


,’ 
hil Jp Mel m-i-1 
Kehr, kni 


=< 


ky, ka... km-i being what the k system becomes when repetitions are 
excluded, and being respectively supposed to occur py, fy... mi times 
respectively, so that 

Pat Pat ... + bmi = M5 
the fractional part of the right-hand member of the equation immediately 
above written will be readily seen to be equivalent to 


Ri beckag E GETE TP 
To establish the correctness of the assumed form, we must be able, as in 
the particular cases previously selected, to prove two things; the one, and 
the more difficult thing to be proved is, that when the series of distinct 
quantities kı, ka, k, ... km become converted into u, groups of k,; m groups of 
kz, «+. mi groups of km-i, then that 


s È ho, ko, k osko apa Kom-int ’ 
or in other terms 


1 
> + Ko, Kos Kos teg l, E = (Ho), 


m 1 
becomes identical with 
Om—i-2 — Tm—i-s 8, + &e. + (- iF At a (a> + 1) Sato 

The other step to be made, and with which I shall commence, consists 
in showing that the number of terms in the expression last above written, 
considered as a function of (m—7—2)th degree of (t+ 1) variables, is never 
greater than the entire number of ways in which (i+ 1) quantities out of m 
quantities may be equated to the remaining (m —i-— 1) quantities, namely 
each of the first set respectively to all the same, or all different, or some the 
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same and some different; in short, in any manner each of the i+ 1 quantities 
with some one or another (without restriction against repetitions) of the 
m-—t—1 remaining quantities. This latter number being in fact the 
number of ways in which (m—i—1) quantities may be combined (i+ 1) 
together with repetitions admissible, by a well-known arithmetical theorem, 
(i +1) (i +2)... (m—2) 
1.2... (m—i— 2) 
always less than the other. It remains then only to prove the remaining 
step of the demonstration*. 


is (m — i — 1), and the first number is , which is 


Art. 43. To fix the ideas let m=10, i = 5, and consider the expression 
(Kes? + kè t k? + kë + kè tki) — (ke + kè + ket ket kè + k) (ey + ka + ks + ki) 
+ (ks + ke + kr + ks + ko + kio) (kika + kks + kik, + kaks + kak, + ksk) 
— 7 (kikk; + kikzk, + k ksk, + kzksk4). 


Now suppose the six quantities ks, ke, kr, ks, ko, ky to become respectively 
equal each to some one or another of the four quantities k, ke, ks, k4, as for 
instance, I shall suppose 


k, =kh=h,=k, 
keg = Tey: Keg 
ko = Ks. 
Then 1 =4, fo = 3, h = 2, w= l, 


and the formula of Art. 41 becomes 

(3k, + 2k? + kt) — (8k2 + 2h? + kè) (hy + ka + ks + k) 
+ (3h, + 2k + ky) (heyhey + kiks + kik + kaks + kak + kk) 
— 7 (kikk; + kikoak, + ky kk, + kakzki) 
= 3[ {hk — k? (ka + ks + ki) + ki} + ki {(kzks + kak, + ksk) + k(ka+ ks + k,)}] 
+2 {kè — kè (k, + ey + ki) + ka} + ka (kiks + k, k, + kski) + (kak, + ks) + ka} 
+ {k} — k? (l, + k + ki) + ka} + ks (kik; + kika + kaks) + ks (ki + ka + ky} 
— (kaksk, + kykeghy + kikk, + kıkaks) 
= — kikik; — 2k, kak, — 3k kk, — 4k kak, 


Ba Ii: Hı , Be 
- kaka f t + try eh, 


* If this first step of the demonstration appear unsatisfactory or subject to doubt, it may be 
dispensed with, and the result obtained in the succeeding article (the demonstration of which is 
wholly unexceptionable) being assumed, it may be proved that the formula there obtained on a 
particular hypothesis must be universally true, in precisely the same way and by aid of the same 
Lemma in and by aid of which the formula obtained in the Supplement to this section for the 


simplified quotients to [2 upon a like particular hypothesis is shown to be of universal application, 


that is, by showing that pR a function of 2i- 1 variables would contain a function of 2i 
variables as a factor. 
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In the above investigation the quantities which with their repetitions 
make up the k’s system, are k, kı, ky, ks, appearing respectively 1, 2, 3, 4 
times, that is to say repeated 0, 1, 2,3 times; 7 is one more than the sum 
of the repetitions 0 +1 +2 + 3, and the numbers 1, 2, 3, 4 arise from sub- 
tracting from 7 the sums 1+2+4+3; 0+24+3; 04+1+4+3; 0+1+42; respec- 
tively, so that the remainders 1, 2, 3, 4 denote respectively one more than 
the number of repetitions of k,, kı, ka, kz, that is, are the number of appear- 
ances of kı, kı, ka, ks; and thus with a slight degree of attention to the 
preceding process the reader may easily satisfy himself that the preceding 
demonstration (although not so expressed) is in essence universal, and the 
form of r as an explicit function of æ and of the roots of fx is thus com- 
pletely established for all values of m and of t. 


Supplement to Section III. 


On the Quotients resulting from the process of continuous division ordinarily 
applied to two Algebraical Functions in order to determine their greatest 
Common Measure. 


Art. (a)*. We have now succeeded in exhibiting the forms of the 
7 ; 
numerators and denominators of a developed into a continued fraction in 
terms of the differences of the roots and factors of fx. It remains to exhibit 
the quotients themselves of this continued fraction under a similar form. 


Lemma. An equation being supposed of an arbitrary degree n, there 
exists no function of n and of less than 2i of the coefficients}, which vanishes 
Jor all values of n whenever the n roots reduce in any manner to i distinct 
groups of equal roots ; or in other words, any function of n and the first 2i—1 
coefficients of an equation of the nth degree, which vanishes for all values of n 
in every case where the roots retain only i distinct names, must be identically 
zero. 


To render the statement of the proof more simple, let i be taken equal 
to 3. And let the roots be supposed to reduce to p roots a, q roots b, and 


* The articles in this and subsequent sections to which Latin, Greek and Hebrew letters are 
prefixed, although in strict connexion with the context, are supplementary in the sense of 
having been supplied since the date when the paper was presented for reading to the Royal 
Society. All the articles marked with numbers (from 1 to 72), and the Introduction, appeared 
in the memoir as originally presented to the Society, June 16, 1853. 

+ In the proposition thus enunciated the coefficient of the highest power of x is supposed to 
be a numerical quantity. 
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r roots c. And let s, in general denote the sum of. the rth powers of the 


roots. 


Then we have evidently 
Pr”? Srey, 
pa +qb +7¢ =, 
pa? + gl + re? = s, 
pa? + q+ re = s, 
pat + qb + re! = s, 
&e. &e., ad infinitum. 


Eliminating p, g, 7 between the first, second, third and fourth equations, 
we obtain 


In like manner eliminating 


1 > 1 ? 1 ? So 
2 Dye Gyn ee 
He A ae 


at: OR 8 ey 


fifth equations, we have 


Pare Palen Fame 

he: ee Sa E. 

a, b, c, S3 

a’, b’, c, S4 

and so in general we have for all values of e, 
1, oljih 

a, OD, > a 


OO Be, Soak 


aè, b, C*, Se+s 


whence it may immediately be deduced, that, upon the given supposition of 
there being only three groups of distinct roots, we must have the following 
infinite system of coexisting equations satisfied, namely, 


St + SU + &0+s8,w=0 say L,=0, 


8t+su+sv+sw=0 , L,=0, 
St+su+tsv+sw=0 , L=0, 
St+sutsv+sw=0 , L£,=0, 
&t+sut+svt+sw=0 , L,=0, 
&e. &e. &e. &e. ; 
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and conversely, when this infinite system of equations is satisfied the roots 
must reduce themselves to three groups of equal roots. 


Let now ¢ be any function of so, Sı, S2... which vanishes when this is 
the case. Then œ must necessarily contain as a factor some derivee of the 
infinite system of equations above written, that is, some function of Sọ, S1, S2... 
which vanishes when these equations are satisfied, that is, some conjunctive 
of the quantities Z,, La, La, L;...; but it is obviously impossible in any such 
conjunctive to exclude sę from appearing, unless by introducing some other s 
with an index higher than 6, and consequently ¢ cannot be merely a function 
Of So, Si» S2, 83, Sa So, nor consequently of n and the first five coefficients ; or if 
such, it is identically zero. And so in generalany function of n and only 2i — 1 
of the coefficients which vanishes when the roots reduce to 7 groups of equal 
roots, must be identically zero; as was to be proved. 


Art. (b). It ought to be observed that the preceding reasoning depends 
essentially upon the circumstance of n being left arbitrary. If n were given 
the proposition would no longer be true. In fact, on that supposition, the 
n roots reducing to 7 distinct roots would imply the existence of n— i 
conditions between the n roots; and consequently n—7 independent equations 
would subsist between the n coefficients, and functions could be formed of i 
only of the coefficients, which would satisfy the prescribed condition of 
vanishing when the roots resolved themselves into 7 groups of distinct 
identities. 


Art. (c). Let D, r.n; be used in general to denote the determinant 
Sry Sro Srta-++ Srima |3 
Sras Srotir Srota +++ Sr4i—1 
Sri Sritis Srita +e Srtia 
then the simplified ith Sturmian residue R; may be expressed under the form 
Divis ai — Days... ant? Ds, 4.642 A ik Dyagnntmaiin: 
which is easily identifiable with the known expression for such residue. 
Now obviously the necessary and sufficient condition in order that the n 


roots may consist of only repetitions of 7 distinct roots is, that R; shall be 
identically zero, that is to say, we must have 


Dy, 9.3 va 0, Dys =0... IETA E M Posa 0. 
But the reasoning of the preceding article shows that although these equa- 


tions are necessary and sufficient, they are but a selected system of equations 
of an infinite number of similar equations which subsist*, and that, in fact, 


* But quere whether any other sufficient system can be found of equations so few in number 
as this system, 


8. 32 
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whatever be the value of n, we may take 7,, 7... r; perfectly arbitrary and 
as great as we please, and the equation 
Dystir =0 


must exist by virtue of the existence of the n—i equations last above written. 


Art. (d). I now return to the question of expressing the successive 
quotients of Ls as functions of the differences of the roots and factors; that 


they must be capable of being so expressed is an obvious consequence of the 
fact that the numerators and denominators of the convergents have been 
put under that form, since, if 


Nia Mia N 
Di’ Diu ‘ D; F 
are any three consecutive convergents of the continued fraction 
e a 
Q- Q=” Qi’ 


DN; jg NiD; F Qi. 


we must have 


It would not, however, be easy to perform the multiplications indicated in 
the above equation, so as to obtain Q; under its reduced form as a linear 
function of æ. I proceed therefore to find Q; constructively in the following 
manner. 


Let Ri, Ri, Ri be three consecutive residues, f’@ counting as the 
4 


residue in the zero place, then Q; = — 
i-1 


R, and is of the form fa tS 


Now in general if we denote the n roots of fx, where the coefficient 
of a is supposed unity, by hı, ħa... ħn, and if we use Z; to denote 
Ee (he ho,- ħo)*, with the convention that Z, =n, Z,=1, we have, employ- 


ing (i) to denote 5 {(—1)° + 1}, 


* J, A 
R = 7 Pi Pen {E Cho,» ho, «+ hon) (@ — hona) (® — hons) ++» (@ = hon)}, 


E A EES Dyas 
Rin = E ee ~ I {E o,» he,» hoi) (@ — hon) (@ — houa) + (@ — hed}; 


VATE A PEPR Dr 
Rea = Fa Za Zag, È E Oo ho, ++ ho) (© — ho) (€ — hon) ++» (© — hag) 


* ¢ it will be remembered is the symbol of the operation of taking the product of the squares 
of the differences of the quantities which it governs, 
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The part of R;, within the sign of summation is 
Zia — E (hos + hona + +++ + hon) E (ho,, ho, -»- ho) 2 + &e., 
say Ziar — Zia" +. &e., 
and the part of Ri- within the sign of summation is 


Zi grt =E Z ate grt + &e. > 
and 


pv y A = 
Fey grt _ ZF foe grt 


Š 


E AOE A Pe EN Zak + (ZZ; — Zi:Z')+ an algebraic fraction. 
jar" — Ly 

as 1 Ais B¥i_5 Bi) Zial eee Zon Ws: 
Hence Qi = ZA APE Bei Zon (ZZi 8; Za } 


X [ZiZit + (Zimi — ZZi) 
RATANA RRAN. 
BE YD Bags 
T; denoting y, Zixz + EAEE AA — Z:Z' 5-1). 


Ts, 


Art. (e) If the process of obtaining the successive quotients and 
residues be considered, it will easily be seen that each step in the process 
imports two new coefficients into the quotients, the first quotient containing 
no literal quotient in the part multiplying æ and containing the first literal 
coefficient in the other part, the second quotient containing two literal 
coefficients in the one part and three in the other, and in general the 7th 
quotient containing 2t — 2 of the letters in the one part aud 27-1 of them 
in the other. Hence T; being made equal to L;a+M;, Li contains 2i — 2 
and M; contains 27 —1 of the literal coefficients of fz. 


Moreover, we have Z; of the form 
Pi- mP; 
Beds ai Stix 
L P: > 
where Pi fa EE (ho, ho, wide he.) 10:41 Noita” ** Non» 
Pi = 2S (ho, ho, +++ ho.) 10; Neiss +++ Non 


and P;, which is the ith simplified residue, vanishes when the n roots in any 
manner become reduced to only 7 distinct groups. 


I proceed to show that if we make 
Aja + B= U; = A*;,(@—h) + A%,.(a@—hy) +... + Ain (@— hn), 
where in general 
Ai, e represents Df (ho,, ho,» he.) (he — ho.) (he — he,) «+» (he — ho), 


then will 
T;= U;. 
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It will be observed that A; is identical with. what the simplified 
denominator of the (i —1)th convergent becomes when we write he in place 
of æ, and consequently, when arranged according to the powers of he, will be 
of the form 

caha + Cole? + «2. + Ci; 


where ¢,, Ca... Ci are functions of the coefficients, but containing no more of 
them than enter into Q;_,, that is, containing only 2i — 2 of them. 


Now A; is made up of terms, each consisting of some binary product of 
a ae 
combined with some term of the series 
TA, Sh Sh; 


and any one of this latter set of terms expressed as a function of the coeffi- 
cients of fx contains at most 27 — 2 of them. 


Hence only 27-2 of the coefficients enter into A;, and in like manner 
only 2i — 1 of them into B;. 


The number of letters, therefore, in A; and in B; is the same as in L; 
and in M;, namely 2i — 2 and 2i — 1 respectively. 


Now let the roots consist of only 7 distinct groups of equal roots, so that 


i—2 


T; becomes = Z? 
. i—1 


I shall show that in whatever way the equal roots are supposed to be 
grouped upon this supposition, there will result the equation 


T; = U;, 
P; 
where Ti = {ÈE (no, no, --- 10)? | , 


Pi.=% {NoNo +++ Non (No, > Noy ++ Noi-1)}> 
P.,=% {No41 Noia +++ Non E (No Ne, +++ nods 
and H; = Aè + Afm t+... + Ann, 
A, meaning X {(ne — N0,) (Ne — Ne,) +++ (Ne — No) ECN0,» No, +++ Noii )h, 
and 7, meaning æ — ha. 


Let the n factors be constituted of m, factors m, M, factors na... Mi 
factors ņ;. Then 


Zi = WE (M, Nas. ni), 
where H= MMe... Mi, 


Pia = BE (Mhs M eoe Mi) MIN 2. NEMA, 
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and 1 Pea= nS (ne, hs: 1) M™ QM ... HO 
+ oS (m, Ns --- 95) M Ta ... NEM 
+ &e. &e. 
+ Bi ¢ (Ms Nas.. Ni—) DOI ans, 

where ret a ry ene AA 

Bi m ’ be Ms Ki Mi 
Hence 
T; = wt(m, soe ni) feste Ns seeni) Rn NE (M, +++ i) PEACE mna, 
Mı Ma Mi 


Again, in U; the term containing 7, will be 


mm {> (m — n) (m — Ns) «+» (m — ni) E (Ma Ns +++ m)? 
= MaM X (MMs... M)? X (Mm — M2) (m — 3)? «+ (m — M1)? [E (Me, M «++ Md}? 


2 
= = MX E (Ms Nae.. Ni) E (Mas Ns «+> Ni» 


Hence 


U: = pE lM, RELS [eet ni) Pi mEn see 1) + ge.) = T,. 
Hence, therefore, U;— T; vanishes whenever the roots of fx contain only 7 
distinct groups of equal roots, and it has been shown that U; and T; each 
contain only 2i — 1 of the coefficients of fx, so that U;— T; is a function 
only of n and these 27 — 1 letters, and consequently, by virtue of the Lemma 
in Art. (a), U; — T; is universally zero, that is, U; is identical with 7;, as was 
to be proved. In the same manner, as observed in a preceding note 
[p. 494], the expression given in the antecedent articles for the numerator 
of the ith convergents, having been verified for the case of the roots consist- 
ing of only ¢ distinct groups, could have been at once inferred to be generally 
true by aid of the Lemma above quoted. 


Art. (f). Since the coefficient of æ in T; is Zim x Zi, we deduce the 
unexpected relation 


BP ha hy SE hc, he Pie bo bk 
where =P, = {(he — ho,) (he — ho,) «+» (he — ho.) € (ho, ho, +++ ho,-1)}- 


So that every simplified Sturmian quotient to fz, when the n roots of fæ 


are real, will be the sum of n squares. But the equation is otherwise 

—1)...(n—i+2 
remarkable, in exhibiting the product of the sum of non 
n(n—1)...(n—-t+1) 


1. Ore squares under the form of 


squares by another sum of 


the sum of n squares, 
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If we denote the ith simplified denominator to the Sturmian convergents 


tore by D;, and if we call the ith simplified quotient X;#, we have 
1 
Xix = S (DiS (£ — h,). 


If we construct the numerators and denominators of the convergents to 
1 Sd ee 


Q — Q— °° Qi’ 
according to the general rule for continued fractions, as functions of Q,, Q», Qs, 
&c., so that calling the denominators A,, A,, A, ... Aj, . 


^A = Q, A, = QQ — irsk A;= Qi Ain — Aj-s, 
DB; 42, 4.0- 2-7 D 


we have Ans = p Se. Din tr, 
2?;_, 27-3... 2 


A;_, being in fact the multiplier of /’@ in the equation which connects fx 
and f’x with the (i — 1)th complete residue, and consequently, retaining Q (æ) 
to designate the complete ith quotient, we have 


E E 
QO) = Fa Tea... E 
= Fin Bg By _ 
Ze L424... Dwar 


= {Di-rhe}? (a cone he) 


> {A;_she}? (a = he), 


which equation gives the connexion between the form of any quotient and 
that of the immediately preceding convergent denominator of the continued 
f'n - 

fi . 

Art. (g). I have found that the coefficients of the n factors of fæ in the 
expression above given for the quotients possess the property that the sum 
of their square roots taken with the proper signs is zero for each quotient 
except the first (the coefficients for the first being all units), that is 
Dih + Dih, +... Dihn =9 for all values of i except i=1. Moreover I find 
that the determinant formed by the n sets of the n coefficients of the factors 
of fx in the complete set of n quotients is identically zero, that is, the 
determinant represented by the square matrix 


fraction which expresses 


1, 1, 1, 1 ) 
(D, Ag (D, ha}, (D, hs)? Pies" (D, hn)? 
(Dh), (Dah, (Diba ...(Duha? |= 


TReP PPC PPP eee eee eee eee eee eee eee eee eee eee ee eee eee) 


(Dah), (Dube), (Dn—rhs)? ++» (Dnahny 


www.rcin.org.pl 


57] of two Algebraical Functions. 503 


Art. (h). It should be observed that U; is the form of the simplified 
quotients for all the quotients except the nth (that is, the last), for which 
the simplified form is not Un, but Un + ¢ (h, ha... hn), which arises from the 
circumstance of the last divisor, which is the final Sturmian residue, not 
containing æ; it being evidently the case that the division of a rational 
function of æ by another one degree lower, introduces into the integral part 
of the quotient the square of the leading coefficient of the divisor, subject 
to the exception that when the divisor is of the degree zero, the simple power 
enters in lieu of the square. The general formula gives for the reduced nth 
quotient the expression 


3 {(n = he), n = his) «++ (ln = An) E (has hs «++ hn)}? (@ — In), 
which equals 
Elas ha sss hn) BE (he, hs... Mah (@ — hy). 
Rejecting the first factor, we have 
XE (he, hs... hn) (a — hy), 


which is equal to the penultimate residue, which residue is (as it evidently 
ought to be) identical with the simplified last quotient. 


Art. (i) We have thus succeeded in giving a perfect representation 


of a , that is, of 


polar We. onl 

@—-h wh, awh,’ 
under the form of a continued fraction of the form 

1 1 1 

m (&@ — 6) — My (L@—@,) — 7 

where Mi, Ma... Mn} e, z... €n are all determinate and known functions 


Ot Fa Vis ick Ras 


We may by means of this identity, differentiating any number of times 
with respect»to æ both sides of the equation, obtain analogous expressions for 


the series 
1 


1 1 
@=h) wh Gower: 


But to do this we must be in possession of a rule for the differentiation of 
continued fractions whose quotients are linear functions of the variable. 
I subjoin here the first step only toward such investigation. 


Let the denominator of 


s..... 
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where qj, qa... Qn are any n arbitrary quantities, be denoted by [q, q2; Ys-++ gn], 
so that the entire fraction will be equal to 


[2s Qs ++» Qn] 
[91 9a» Ys-+» Qn] 


Any such quantity as [gi, gis: --- Qn] may be termed a Cumulant, of which 
qi» Yi+1 +++ Gn May be severally termed the elements or Components, and the 
complete arrangement of the elements may be termed the Type. The 
cumulant corresponding to any type remains unaffected by the order of the 
elements in the type being reversed, as is evident from any cumulant 
being in fact representable under the form of a symmetrical determinant, 
thus, for example, the cumulant [9, q2, qs, qa] may be represented by the 
determinant 


E i eG 
bite FED 

i Fa: Cee ee | 

inl Ses AN > 


and [4, qs; Ya, qı] will in like manner be represented by the determinant 


"peT PERE S ON, 
1 a f° 8 

On Ty Gag 

0, OMe ie 


which is equal to the former. 


Art. (j) Let it be proposed in general to find the first differential 
coefficient in respect to æ of the fraction 


[Gis Jin Gn} _ p, 
[qs Jay Ya +++ Yn] 


t 


where each q is a function of one or more variables. 


I find that the variation of F; may be expressed as follows : 
— BF; = {8 [Gas 9 + i-os Ia] +È [rs Ge -++ Gints Ina] Qr? 
+Ò [h Yo» Ys +++ Jiz Ins] [In Ina} +++ 
+Ò [is Gas Yo -+ Jio» Ga} [In In~» Gna ++ GI} 
+ [i> 92; Is +++ Qaf 
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Art. (k). Suppose i=2, and q, =% +b, qa = lax + by... Yn = an2 + bn, 
we shall have by virtue of the above equation, 


d Paper Age 028: ALELO Aa 1 
dat” that is £ {= 2 =...7} 


1 - 
[das hga (nl? + änn? + Ana [Yns Ina]? + &e. 
+ a [Gn Yn—-1» n= +++ q:}’}. 


If we call F, = A every such quantity as [qn, qn- --. qi] represents to a 


constant factor près the (i — 1)th simplified residue (px counting as the first 
of them) to si 


fe’ 


and rejecting the common factor — Css , we obtain the expression 


,and making certain obvious but somewhat tedious reductions, 


Coit in! Festi. Test Ry À 
"a O ae, O R P 
where R,, R,... Rn represent ġe and S successive simplified residues 
to fx, dx, while C; means the coefficient of the highest power of w in Ri, and 
O, the first coefficient in fx*. 


Art. (l) If we take gx of the same degree as fx, and for greater 
simplicity make the first coefficients in fx and ga, each of them unity, 


* This result may be obtained directly as follows :— 


Let fx, px and the (m-—1) complete Sturmian residues be called po, Pis py... Pn let the n 
complete quotients be called q1, gy... qn, and let the allotrious factors to the residues pg, pg... py 
be called py, My... My; then 


Po=11Pi— P2» Pi={2P2— Pss P2=IsPs— Pay &C.; 
hence P1 5po — Po Pr = P1 891 + (P25P1 — Po ÔP2) 
= p? ôq + pa Òda + (P3 5p2 — P20P3) 
=¢0. 
=p? 5q, + pa ga + pg? Ôg + +++ + Pn Òn 
but we have in general p;=4u,R;, 


Ginji h= 
h Ji- 1 r'r- 1 ô 
ence ôq; = C, i z, 
and p? òqi= fi hi-hi Rt ÒT; 
t 


but it may be easily seen that 


hi-hi = a , except when i=1, for which case 4;_,4;=1, 
i-1 


l Rx, when i>1, and = Co go when i=1, 
C1 Cj 


which proves the theorem in the text. 


hence pèôqi= 


www.rcin.org.pl 


506 On a Theory of the Syzygetic Relations | [57 


the successive simplified residues to J” will be identical with the simplified 


Ja 
‘ —fe+ge i ‘ ; 
residues to T (including amongst them the quantity gx — fæ itself), 


and, since 
{Jæ — gz) g'z — {fe -gay ge = g'afe —f'age, 
the right-hand side of the equation above written, when the residues, instead 
of referring to f and ¢, are made to refer to f and g, taken of the same 
degree in s, becomes equal to f’xga—fxg'a; and if we now agree to 
consider f and g as homogeneous functions each of the nth degree in æ and 1, 
the equation becomes 
fi} R? R,? 


Er taat rak g 


=g (0,1) © fle, 1)- f(e, 1) £ g, 1) 


sienta) aeaa a) 


df dg _ df dg 
Seat biter: ob =I go) 


where J indicates the Jacobian of the given functions f and g in respect to 
the variables and 1, meaning thereby the so-called Functional Determinant 
of Jacobi to f and g in respect of æ and 1, which equation also obviously 
must continue to hold good when we restore to the coefficients of æ” in f and 
g their general values. 


It may happen that for particular relations between the coefficients of 
f and g certain of the residues may be wanting, which will be the case 
when any of the secondary Bezoutics have their first or successive terms 
affected with the coefficient zero; the equation connecting the residues 
with the Jacobian will then change its form (as some of the quantities 
C,, C,... Cn will become zero); but I do not propose to enter for the present 
into the theory of these failing, or as they may more properly be termed, 
Singular cases in the theory of elimination. 


Art. (m). The series last obtained for J (f, g) leads to a result of much 
interest in the theory, and of which great use is made in the concluding 
section of this memoir, namely the identification of the Jacobian (abstraction 
made of the numerical factor n) with what the Bezoutiant becomes when in 
place of the n variables in it, u,, Us... Un, we write a1, a@”—*,,.@,1. Thus 
suppose f and g to be each of the third degree, and let 

Aæ + Ha + G, 
Hx’? + Ba +F, 


Ga? + Fa + C, 
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be the three primary Bezoutics; if we make 
C=, v=, Tew, 
these may be written under the form 
Au+ Hv+ Gw= L, 
. Hur Bo + Fw= M, 
Gu + Fv +0w=N, 


and if the Bezoutiant be called 7, we have 


df dd dd 

Ama ‘ Yap Ni aay 
The simplified residues to f and g are L, (L, M), (L, M, N), where (L, M) 
means the result of eliminating u between Z and M, and (L, M, N) the result 
of eliminating w and v between L, M, NV; and by a theorem (virtually implied 
in the direct method * of reducing a quadratic function to the form of a sum 
of squares), if we call the leading coefficients of these quantities C,, C2, Os, 

we have 

(L, My, (L, M, Ny 


a+ Gd. t See 


Hence, when n=3, 4J (f, g)=@ when in @, u, v, w are turned into 2%, æ, 1; 
and so in general for any values of n, the Bezoutiant correspondingly modified, 


becomes = J (f, g), as was to be shown +. 
f'a 


Art. (n) The expressions obtained for the quotients to Ye may be 


generalized and extended to the quotients toe where da and fx are two 


functions of æ of any degrees m and n, whose roots are respectively, ki, ka... km, 
and hı; ho... hy. If we suppose 


ge ı 1 1 1 


Je Q(@)= G(@) pE m @)’ 
where Q (æ) is of n—m dimensions, and q (æ), qs (®) ... msi (æ) each of one 
dimension in #, it may be proved that on writing 


LSE k $ Nela) 
TORTOR O ON 
* Namely, that of M. Cauchy, adverted to in Section IV. Arts. 44—45.. [p. 511 below.] 
+ Compare Jacobi, De Eliminatione, § 2. The general expression for the allotrious factor, 


I may here incidentally mention, is given under the head Theorem a, § 16, which comes quite at 
the end of the same paper. 
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we shall have 


3 fry Ft e- ko} = Cases (a) (A) 

é=1 

$ ho)? phe 2 —he) = Co: 

È {Date £8 eho) = Con, (B) 
where C+0’=0, (E) 


Cais. (x£) being the (¢+1)th simplified quotient. When Q(z) is a linear 
function of z, in finding qx from the formula (B), we must take Dw=1. The 
proof of this theorem being generally true, may easily be shown to depend 
upon its being true in the special case*, when m=p+i, and n=p+? 
(m being supposed less than n), and A, hy... hn become li, la- ta hy, he... he, 
while k,, ka... km become l, la... lu, ky, ky... ki; and the truth of the theorem 
for this special case (if for instance we wish to prove the formula (B)) depends 


upon the expression 
h, ha «o. hga j f h, a ae 
(i ky... km )= Ge Bra Ney ) 
ied het UEN a (ad ae hy 
Arg ka... k J Foi hese 
being identical with the expression 


ae Sy a a i a here hs de 


(iS ping) 


he 
(is bith) OT S Jct 


as it may readily be shown to be. And the formula (A) may be verified 
in precisely the same manner. There is no difficulty in finding the values 
of C and 0’, which are products of powers, some positive and some negative, 
of the leading coefficients in the simplified residues, and recognising that 
they satisfy the equation (E); when ¢z is of one degree below fx this equation 
is of the form C+ C’ =0. 


x 


Art. (0). When ¢a=/’a, this expression for the (i+ 1)th simplified 
quotient becomes &(D,h)*(#—h), as previously found; the correlative ex- 
pression will be 


-E (Niky Jn e-t), 


* By virtue of the Lemma, that when x and fx are two algebraical functions, no function 
of the coefficients vanishing identically when i roots of fx coincide with i roots of pæ respectively 
can be formed, in which there are fewer of the coeflicients of f and ø respectively than appear 


in the leading coefficient of the (n -i+ 1)th residue of s ° 
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k being any root of /’«=0, which is equal to the former expression. The 
general expressions above given for the simplified quantities are of course 
integral functions of h and k, although given under the form of the sums 
Sh 
Fh 
integral function of h, and the summation comprises all the roots (h) of 
fh=0, is always integral. 


of fractions, by virtue of the well-known theorem that = where $ is an 


Art. (p). It will be found that for all values of i greater than unity 


and that S Dh LG, 
6=1 (4 


The theorem of Art. (n) is in effect a theorem of cumulants of the form 


[Q (x), Q2 (æ) see Qi (x) ... On (x)], 


where the elements are all independent of one another, and 


fe =[Q (2), qe (2), qs (2)... n(@)], pe = [q (2), Ys(@) --- Gn (w)], 


n being any number whatever greater than 7; this makes the theorem still 
more remarkable. The urgency of the press precludes my investigating 
for the present the more general theorem which must be presumed to exist, 
whereby gis, can be connected with [q1, q2; qs +++ qil, or [92 9s ++ qi], and with 
[Q Yor qs <- Gite] and [qo, qs --- Gi+e], when each q represents a function of an 
arbitrary degree in æ. The theorem so generalized would comprehend the 
complete theory of the quotients arising from the process of continued 
division, without exclusion of the singular cases (at present supposed to be 
excluded) where one or several consecutive principal coefficients in one or 
more of the residues, vanish. 


Art. (q). The complete statement of two twin theorems suggested by 
and intimately connected with the biform representation of the quotients 


pa 


je’ given in the preceding article, is too remarkable to be omitted. 
Suppose dx = f'æ, and let the successive convergents tore be called 
ws t,x tno@ ty @ 
Ta” Te Tee Te 


where the subscript index to ¢ or T indicates the degree in æ. Then if we 
call the roots of fx, h,, hs... hn, the theorem already cited in a preceding 
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article, concerning the denominators of the convergents, may be expressed 


as follows :— 

Ge) Gr) Gx) 
(Ti hy, (Dike G(T gl 
(Tah), (Tah) «+» (Tan? 


Tra hoa s r ad Cn 


where it will be observed that the first line of terms consists exclusively 
of units, since f’# = da by hypothesis. 


’ 


Correlatively I have ascertained that preserving the same assumption 


1 Hh 


that pæ =f'x, so that consequently A means i , the following theorem 


obtains, namely that if k,, kz... kn-ı are the (n — 1) roots of ga, 


pk, A pk,’ P f'kns\" 
{ty (ky)}?, Se (Ea) s Th lene 
{te (AIP, {tp (Ko)}? o0 {ta (hn) 


{tn—2(Ay)}*,  {tn—2 (ha)}?-»- {tn—2(Fn-1)}? 


It may consequently be conjectured, when ¢ and f are independent functions 


of æ and respectively of the degree n —1 and n, and 5 is expanded under 


= 0. 


the form of a continued fraction, of which, as before, A Ba. are the 


successive convergents, that we shall have analogous determinants to the 
twin forms above given, each separately vanishing, these more general 
determinants differing only from their model forms in respect of the upper- 
most line of terms in the one of them, being each multiplied by certain 
functions of h,, As ... hn respectively (all of which become units when dx = f'a), 
and in the other of them by certain functions of k, ky... kn. 


The exact form, however, of such functions, and even the possibility 
of such form being found capable of making the determinants vanish, remains 
open for further inquiry. 
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SECTION IV. 


On some further Formule connected with M. Sturm’s theorem, and on the 
Theory of Intercalations, whereof that theorem may be treated as a 
corollary. 


Art. 44. As preparatory to some remarks about to be made on the formule 
connected with M. Sturm’s theorem, it is necessary to premise two theorems 
of great importance concerning quadratic functions, one of which, notwith- 
standing its extreme simplicity, is as far as I know very little (if at all) 
known, and the other was given in part many years ago by M. Cauchy, but 
is also not generally known. The former of these two theorems is as follows. 
If a quadratic homogeneous function of any number of variables be (as it may 
be in an infinite variety of ways) transformed into a function of a new set of 
variables, linearly connected by real coefficients with the original set, in such 
a way that only positive and negative squares of the new variables appear in 
the transformed expression, the number of such positive and negative squares 
respectively will be constant for a given function whatever be the linear 
transformations employed. This evidently amounts to the proposition, that 
if we have 2n positive and negative squares of homogeneous real. linear 
functions of n variables identically equal to zero, the number of positive 
squares and of negative squares must be equal to one another, so that 
for example we cannot have 

Uy? Ug? H... HUn + Wha — Wate — Wnts — -e — Urn 
identically zero when n of the variables are linear functions of the remaining 
n; and this is obviously the case, for if the equation could be identically 
satisfied we might make | 


Unto =U, Unis = Us .-- Uon = Uni, 


and we should then be able to find w,4, as a real numerical multiple of un, 
and consequently should have the equation un? {1 + k°} = 0, which is obviously 
impossible; à fortiori we may prove that in the identical equation existing 
between the sum of an even number of positive and of negative squares 
of real linear functions of half the number of mdependent variables, there 
cannot be more than a difference of two (as we have proved that there cannot 
be that difference) between the number of positive and negative squares. 
Hence there must be as many of one as of the other; and as a consequence, 
the number of positive squares or of negative squares in the transform of a 
given quadratic function of any number of variables effected by any set of 
real linear substitutions is constant, being in fact some unknown transcen- 
dental function of the coefficients of the given function. I quote this law 
(which I have enunciated before, but of which I for the first time publish 
the proof) under the name of the law of inertia for quadratic forms, 
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Art. 45. The other theorem is the following. If any quadratic function 
be represented in the umbral notation* under the form of 


(a2, + ALa + ... + Ann”, 


where @, Qz... an are the umbræ of the coefficients, and 2, £z... &n the 
variables, then by writing 


UAN ay ay ay dı 
sı + Ly + Ls + L+... + a = Yi 
1 aa 2 ; 3 a, 4 ny n= Yi 
ay, Ao a, A, | a, As 1> Ma 
£ £ K £ 
gim al al aE Fai Add om ajanl ane? 
qh, Ae, As a, A, As a, dls, dz 
Utne + En = 
Ch, As, As Oss Me, Bel atte 
&e. &e. &e. 
Oy hy sid Cig vi 
E AEA A 
(di8 + Az + ... + an8a) will assume the form 
Mis, Ag pir Ag, Az Ai, Ag.» An-1, An 
ah ist li, Qa | 4 Ai, A, A3 | Ais, Az... Anas On|» 
P i EE TEAR a ee 
a, | FETE. a h, a| By R RE TE. 
ay Ai, As, Ay, Ag «+» An-y 


and consequently the number of positive squares in the reduced form of the 
given function will always be the number of continuations or permanencies 


of sign of the series 
a Mh, Aa |, | Gy, Qa, Gy | | Q1, ys Un 
m|’ |My, |? |d, May ag |° | Gy, A3... An 
the several terms of this progression being in fact the determinants of what 
the given function becomes when we obliterate successively all the variables 
but one, then all but that and another, then all but these two and a third, 
until finally, the last term is the determinant of the given function with 
all the variables retained. This comes to saying that if we call the function 
(suppose of four variables) f, and write down the matrix 
Bf io ee.” d 
dæ?’ da,da,” da,da,’ dede, 
Eaa Balnai: yt 
dada,’ dep’? drda,’ dada,’ 
af <adf af af 
dx,da,’ dx,da’ da,’ dada,’ 
OA ERA i 
dada,’ dx,dax,” dx,da,’ def’ 
* For an explanation of the umbral notation, see London and Edinburgh Philosophical 
Magazine, April 1851, or thereabouts [p. 243 above]. 


1; 


’ 
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(where all the terms are of course coefficients of the given function expressed 
as above for greater symmetry of notation), the inertia of f will be measured 
by the number of continuations of sign in the series formed of the successive 


principal minor coaxal determinants (in writing which I shall use in general 


af 
da, A ; 


(r, s) to denote 


A ey." (1, D 
Eh ah GERI B42, 2 |, 
at 3 (3, 1), (3, 2), A, 3) 

D t) C.D, aA 
(2,-1)) | (22) (2,3), =. (2), 4) 
(3, 2), ., 2), (3,13), By 4) 1’ 
(4, 1), (4, 2), (4 3) (4 4) 


and in like manner in general*. 


ie Ci Ly 


Art. 46. Reverting now to the simplified Sturmian residues, since by 
the theory set out in the first Section these differ from the unsimplified 
complete residues required by the Sturmian method only in the circumstance 
of their being divested of factors which are necessarily perfect squares and 
therefore essentially positive, these simplified Sturmians may of course be 
substituted for the complete Sturmians for the purposes of M. Sturm’s 
theorem. The leading coefficients in these simplified Sturmians, reckoning 
J’ (a) as one of them, will be 


M2E (h, he), 2E (his he, hs) ses F (hrs he.» Ran); 
which it is easily seen, as remarked long ago by Mr Cayley, are the successive 
principal minor coaxal determinants of the matrix 


To, Oi, Gg, O3... Omi, 


Ti, O2, Oz Om, 
O2, Og > Omti> 
Om-1> Om eee Com—2) 


* I have given a direct à posteriori demonstration in the London and Edinburgh Philosophical 
Magazine, that the number of continuations of sign in any series formed like the above from a 
symmetrical matrix, is unaffected by any permutations of the lines and columns thereof, which 
leaves the symmetry subsisting, that is to say (using the umbral notation), if 0,, 0s, 05... 0; are 
disjunctively equal, each to each, in any arbitrary order to 1, 2,3... i, the number of continua- 
tions of sign in the series 


1, 6, 46,» 1g ; 40,> Ty» tog Gar» Gq» Tg +++ Aei ; 
Ge a01, Toz Qoi» T025 T03 a01, Toz» Tog +++ To; 
is irrespective of the order of the natural numbers 1, 2, 3... i in the arrangement 0}, Oz, 03... 0;- 
8. 33 
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where in general o,=h,” +h." +... + hm", and of course o,=m. M. Hermite 
has improved upon this remark by observing, what is immediately obvious, 
that if we use o, to denote, not the quantity above written, but 


Gah, PE E aod 


the successive coaxal determinants of the above matrix will become re- 
spectively 
1 ` (hy, he) 
elated be ii ACS M 
= a—h, l — h,) (a — h,) 
UL esa a «Me ety) ene 
O he hoh GIy) (@—Iy) «(0 Ti)’ 


that is to say, these successive coaxal determinants, when multiplied up by 
fx, will become respectively 


= (a —hy) (æ — hs) ... (& — hm), EE (hy, he) {(@ — hs) (@ — hy) «.. (@— Im) }, «+ 
ZE (hj, loss Pen), 
that is to say, will represent the simplified Sturmian series given by my 
general formule. M. Hermite further remarks, that the matrix formed 


after this rule will evidently be that which represents the determinant of 
the quadratic function (which may be treated as a generating function) 


vf, Bae {ty + My tg + hyPuty +... H MUn}, 
a—h, 
in which, since only the squared differences of the terms in the (A) series 
finally remain in the successive coaxal determinants, we may write (æ — h), 
(a—h,) ... (æ — ħm) simultaneously in place of h, hy... hm without affecting the 
result; consequently the generating function above may be replaced by the 
generating function 


> 5 H fu, + (@ — hy) Ua + (£ — hY us +... +(@ — MY" Um}, 
the corresponding matrix to which becomes 
1 
e EN I. PR 
bo, 6, 0; “<2 Omn-1, 
0, , 0, Om, 
Om—s ’ Om- Om- , 
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where 0; denotes =(a—h)', and sot. fe . Hence every simplified 
residue is of the form 
A} A 6, DOO Oy 
f'a x 0z, 0; Oy 44 + fe x bs; 0, Oy 41 
6,, Oiii s'e Or Or, Ort oes Para 


The residue in question will be of the degree m — r — 2 in a, and consequently 
we have, according to the notation antecedently used for the syzygetic 
equations 


Pr, 0, 6, 
t aa Oa 0; Ora 
ERLT CEN SO 
Oy, Geka’ N 
ORE 158i oe, r 
G.. 6, Or} 
ait am Ne A 6.4.9 
Or, Orii fet Port 


Elegant and valuable for certain purposes as are these formule for tp} 
and 7,, they are affected with the disadvantage of being expressed by means 
of formule of a much higher degree in the variable æ than really appertains 
to them, the paradox (if it may be termed such) being explained by the 
circumstance of the coefficients of all the powers of w above the right degree 
being made up of terms which mutually destroy one another; upon the 
face of the formule, t,}ı and 7, which are in fact only of the degrees r+1 
and r respectively in æ would appear to be of the degree 


14+3+4+5+4+...+(2r—1), 
that is of the degree 7°. 


Art. 47. I may add the important remark, which does not appear to 
have occurred immediately to my friend M. Hermite when he communicated 
to me the above most interesting results, that in fact, by virtue of the law 
of inertia for quadratic forms, we may dispense with any identification of the 
successive coaxal determinants of the matrix to the generating function 


1 
> p—h, fun + hitta + h? ug + eee + a 
1 


with my formule for the Sturmian functions, and prove ab initio in the 


most simple manner, that the successive ascending coaxal determinants 
33—2 
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(always of course supposed to be taken about the axis of symmetry) of the 
matrix to the form above written, or to the more general form (which I shall 
quote as (G), namely) 


È (p — h)! {br (h) a + Ga (Ma) Ue + +++ + Pm (h) Uml’, (G) 

(where ¢,, $»... Ọm are absolutely arbitrary integral forms of function with 
real coefficients), will form a rhizoristic series in regard to fw (that is a series, 
the difference between the number of the continuations of sign between 
the successive terms of which corresponding to two different values of p will 
determine the number of real roots of æ lying between such two assumed 
values), provided only that q be an odd positive or negative integer. Nothing 
can be easier than the demonstration, for whenever p is greater than any 
one of the real roots as h, :— 


Firstly, any pair of imaginary roots will give rise to two terms of the 
form 
(L+ m/—1)2(v+ w/—1) and (l—mi/— 1)? (v-—wy—-1), 
or more simply 
(L+M /—1)(v?— w+ ww /-1) 
and (L— M V/—1) (v? — w — 2vw /— 1), 


where v and w are real linear functions of th, Us... Um. The sum of which 
couple will be 


2{L (v — u’) — 2Mw} = ; (Lv — Mw) — (L + M) w} =p — g; 


so that each such couple combined will for every value of æ give rise to one 
positive and one negative square. 


Secondly, any real root of the series h,, hy... hm, when p is taken greater 
than such root, will give rise to a positive square of a real linear function 
OF thy, the s+ 0:tien’ 


Thirdly, any real root of the same series, when p is beneath it in value 
(q being odd), will give rise to the negative of the square of a real linear 
function of the same. Hence the number of real roots between p taken 
equal to one value (a), and p taken equal to any other value (b), will be 
denoted by the loss of an equal number of positive squares in the reduced 
form of the expression (G) when p is taken a and when p is taken b; 
that is by virtue of Art. 45 will be denoted by the difference of the number 
of permanencies of sign in the successive minor determinants of the matrix 
corresponding to the quadratic form (G)* (which we have taken as our 


* The inertia of the quadratic form (G) is the measure of the number of real roots of fx 
comprised between œ and p, and may be estimated in any manner that may be found most 
convenient. If p be made infinity, and ¢,h be taken equal to hi~}, and the inertia of the corre- 
sponding value of (G) be estimated by means of the formule in ordinary use by geometers for 
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generating function) resulting from the substitution respectively of a and 
b in place of p, which gives a theorem equivalent to that of M. Sturm, 
transformed by my formulæ, when we choose to adopt the particular 
suppositions 


q=-1, $h=1, ġh=ħ h=, ... pmh =h", 


This method of constructing a rhizoristic series to fæ by a direct process 
is deserving of particular attention, because it does not involve the use of the 
notion of continuous variation, upon which all preceding proofs of Sturm’s 
theorem proceed. It completes the cycle of the Sturmian ideas. Happily 
this cycle was commenced from the other end, for it would have been difficult 
to have suspected that the root-expressions for the terms in the rhizoristic 
series could be identified with the residues, had the former been the first 
to be discovered, and much of the theory of algebraical common measure 
laid open by means of this identification would probably have remained 
unknown. 


Art. 48. I proceed now to consider a theorem concerning the relative 
positions of the real roots of two independent algebraical functions as 
indicated by the succession of signs presented by their Bezoutian secondaries ; 
this more general theory of intercalations or relative interpositions will be 
seen to include within it as a corollary the justly celebrated theorem of 
M. Sturm. 


Let the real roots of fx taken in descending order of magnitude be 
hı, hy... hy, and the real roots of px taken in the like order m, Ma... ng 
so that 

fu = (æ — h) (æ — hy)... (@ — hp) A, 


pu = (x — m) (8 — M2)... (@ — M) K, 


H and K being functions of x incapable of changing their signs. Now, as in 
M. Sturm’s method, let us inquire what takes place in respect to the sign of 


aot which I shall call the Indicatrix, as æ descends the scale of real 
magnitude from + œ% to — œ. If between + œ and h,, 7 real roots of $x are 
contained, it is obvious that as æ travels from + to the superior brink 
of h,, the Indicatrix will change its sign from + to — and from — to + alto- 
gether i times, so that at the moment when z is about to pass through A, it 


determining the nature of a surface of the second degree, the criteria of the number of real roots 
in fx will be, or may be made to be, symmetrical in respect to the two ends of the expression fz. 
This system of criteria, however, is not so good as that given by the Bezoutiant to the two 
differential coefficients of f(x, 1) taken with regard to x and 1 respectively, which will also 
possess the like character of symmetrical indifference, and be one less in number than the 
former. 
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will be positive if 7 is zero or even, and negative if 7 is odd; but the moment 
after æ has passed through the value h, the indicatrix will be negative 
on the first supposition, and positive on the other supposition. Hence 
immediately after the passage of æ through h, the indicatrix will have been 
once oftener negative than positive on the one supposition, and as often 
negative as positive on the other. Again, in like manner as æ traverses 
the interval between A, and the inferior brink of h,, if no » or an even 
number of »’s occupy this interval, the sign which the indicatrix had at the 
beginning of this interval will have been reversed once oftener than restored; 
but if there be an odd number of ņ’s so interposed, the number of reversals 
and restorations will have been identical ; and so for each successive interval, 
reckoned from a value for æ immediately subsequent to one real root of fa, 
down to a value immediately subsequent to the next less real root of the 
same; and it is evident that the effect upon the sign of the indicatrix at 
the end of every such interval depends, not upon the number of 7’s grouped 
together in such interval, but upon the form of the group as regards its 
being made up of an odd or even number of terms, the first interval being 
of course understood to extend from + to a value immediately inferior 
to h,, and the last from a value immediately inferior to hp to — œ. Hence 
as regards the relation of the sign of the indicatrix at the beginning to the 
sign at the end of every such interval, nothing will be altered by taking 
away any even number of ņ’s that may be found therein. If we suppose 
this to be done, we shall then have in some of the intervals one 7 occurring 
and in the other intervals no 7; that is to say, some of the h’s will be 
separated by single 7’s, but other h’s will come together. Again, by removing 
any even number of h’s not separated by ys (and thus removing an even 
number of intervals), it is clear that as many changes of sign of the indicatrix 
will have been done away with from + to — as from — to +, and no effect 
upon the excess of the one kind of changes of sign over the other kind of 
changes of sign will have been produced. By removing pairs of /’s in this 
manner, it may happen that 7’s will again be brought together, any even 
number of which, not separated by h’s, may again be removed and then pairs 
of h’s not separated by 7’s in their turn, and so continually toties quoties until 
at length we must arrive at a reduced system of Xs and n’s, where no two 
h’s and no two 7's come together, or else all the Xs and all the ys will have 
disappeared, Let the scale of ks and y’s thus simplified and reduced be 
called the effective scale of intercalations. The number of /’s and the number 
of ņ’s in any such scale will be equal, or will at most differ from one another 
by a unit, since at each part of the scale, except at the end, every h is 
followed by an 7 and every ņ by anh. If the scale begins and ends with an 
h, there will of course be one more A than 7; if it begin and end with an 7, 
there will be one more ņ than h; if it begin with an h or an » and end with 
an 7 or h, there will be as many of the one as of the other. 
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Firstly, suppose the effective intercalation scale to commence with an h ; 
then in passing from + œ to just beyond the first 4 the sign of the indicatrix 


changes from + to —; it changes again from — to + as it passes the first 
m, then again from + to — as it passes the second A, and so on; that is to say, 
there will be a change always in the same direction from + to — as æ passes 
from being just greater than to being just less than any h appearing in the 
effective scale. Secondly, if the effective scale begin with y, the indicatrix 
will conversely be negative after passing the first and every subsequent 
n, and change from — to + in the act of passing through the first and every 
subsequent h. So that on either supposition the changes of sign for the 
effective scale always take place in the same direction, and the number 
of h’s in the effective scale will be measured by the number of such changes, 


and consequently will be measured by the difference between the number 
of times that the indicatrix a changes its sign from + to — as æ passes 
through each in turn of the real roots of fx, and the number of times that 
in passing through any such root it changes its sign from — to +; if the 
former number be greater than the latter, the effective scale of interpositions 
will begin with a root of fx; if it be less, the scale will begin with a root 
of pæ. If instead of beginning with + œ% and ending with — œ we begin and 
end with any two limits, a and b respectively (making abstraction of all roots 
of fæ or of dx lying outside these limits, and forming the effective inter- 
calation scale with the roots comprised within these limits exclusively), 
we shall obviously obtain a similar result, but with the condition that the 
changes from + to — will be in ewcess if an even number of ks and 7's 
combined be cut off by the superior limit, and the effective scale begin with 
an h, or if an odd number of h’s and ys combined be so cut off and the scale 
begin with an 7; and in defect if an odd number of h’s and »’s combined 
be so cut off and the scale begin with an h, or an even number be so cut off 
and the scale begin with an ņ. If, now, supposing fx to be of n, and gx 
of not more than n, say m dimensions, we form the signaletic series fax, da, 
B,, B, ... Bm (where the B,, B,... Bm are the Bezoutian secondaries or simplified 


successive residues corresponding to ae expanded under the form of an 


fe 
improper continued fraction), it may be shown, in the same way as for 
Sturm’s theorem, that whenever 3 changes from + to — a change of sign 


will be gained in the series, and when from — to + a change will be lost; 
and that no change can be gained or lost except as æ passes through the 
successive real roots of fv. Hence the difference between the number of 
changes of sign in the above signaletic series when a is taken a, and the 
number of the same when æ is taken b, will indicate the number of roots 
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of fx remaining in the effective scale of interpositions formed between such 
of the roots of fx and of ¢a as lie between a and b; calling the one 
number J (a) and the other J (b), the sign of J (b) — J (a) depends not on the 
relative magnitudes of a and b, but upon the manner in which the 
effective scale commences; if J(a)—J(b) is positive, the effective scale 
formed between the a and b will commence with a root of fx; if negative, 
it will commence with a root of da. 


Art. 49. In forming the scale of effective interpositions, it is evidently 
not necessary to go on reducing the h series and the 7 series separately 
and alternately; the same result will be effected more expeditiously by 
eliding simultaneously any even number of h’s that come together without 
being separated by an 7, and any even number of 7's that come together 
without being separated by an h, and, repeating this process of simultaneous 
elision, as often as may be required, until no two h’s or ys come together. 
Thus, for instance, denoting the magnitudes of the series of real roots of 
fand of ¢ by the distances of h and ņ points taken along a right line from 
a fixed point therein, and supposing such series of roots between the limits 
a and b to be 


hhhynnnhynnhynnnhhnhynhhhhhnyyh, 
our first reduction brings this scale to the form 
hnhhynnhnhh; 
the next reduction brings it to the form 
hnnnhn; 
and a third and final reduction brings it to the form 
hnhn; 


and accordingly we shall find for such an arrangement of the h and n 


system 
I(b)—I(a)= +2. 


Art. 50. If we suppose ¢a = Ea , by a well-known theorem of algebra, 


any two consecutive roots of fx will contain between them an odd number 
of roots of pæ, and the number of real roots of f'æ greater than the greatest 
root of fw, and the number of real roots of f'e less than the least root of fæ 
will each be even. Hence the effective intercalation scale between any two 
limits a and b will be formed by merely reducing the y groups to single 
units, and the number of /’s in the scale so formed will be the total number 
of Ws between the limits a and b. Moreover, since such scale commences 
always with a root of fz, or with an even number of roots of f'e followed by 
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a root of fx, if the number of h’s and 7’s cut off be even, and with a root of 
Je or an even number of roots of fa followed by a root of fx, if the number 
so cut off be odd, it follows that for this case Z (a)— I (b), a being the 
superior limit, will be always positive, and will measure the total number 
of real roots of fv lying between a and b; this, then, is Sturm’s theorem, 
treated as a corollary to the Theory of Intercalations. 


Art. 51. If we write down the last syzygetic equation between fx of m 
and $a of n dimensions, namely 


Tn (x) fe — tm (£) ba +% = 0, 


it has been shown that the succession of signs in the series formed with fa, 
gx and their successive Bezoutian secondaries will contain the same number 
of continuations and variations as the series formed with fx, tm (x), and 
their successive Bezoutian secondaries. This indicates that the effective 
scale of interpositions for fx and pæ will contain an equal number of roots 
of fx with the effective scale for fa and tm (æ); the two scales however 
will not necessarily be identical, because the roots of ġa will not necessarily 
be in the same order relative to the h’s in the one scale as those of t»_, (x) 
relative to the h’s in the other scale. This equality is perfectly well explained 
à posteriori by the form of t,_, (x), which by the formula in Section II. will 
be represented by 
Pha, Pha, ++ Phos 
sayeth a e (ham — hq.) Cram = ha.) +++ ham — ham-1) 


Now, whenever æ is indefinitely near to any one of the roots of fz, as homs 
this sum reduces to the simple expression 


ha, bha,- Baas = (BM Bla linl gy — 


and consequently in the immediate neighbourhood of every real root of fæ, 
gx and tm,(w) will have always the same or always a contrary sign, 
according as ho, dhg, ... Pla, is positive or negative, which will depend upon 
the relative disposition of the real roots in f and ¢; in either case the 
effective scale of interpositions for fæ with ga and for fx with tm must 
contain the same number of ks; but the difference will be, that if 
hh ph, ... phm is positive an h will occupy the first place in each scale, or 
the second place in each scale; but if negative, then in one scale an h 
will occupy the first place, and in the other scale the second place. 


Art. 52. The same process of common measure or residues which serves 
to furnish a rhizoristic series for fæ or a syrrhizoristic series for fx and ¢a, 
will serve also to furnish superior and inferior limits to the real roots of any 
proposed equation. Thus suppose fx to be any rational integral function of 
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æ of the degree n and da any other function of æ, which I shall begin 
with supposing to be of the degree (n — 1), and let the successive quotients 
resulting from the process of finding the greatest common measure of fx, pæ 
continued until the last remainder is not a constant but zero, be supposed 
to be (as they may generally be taken, but subject to cases of exception, 
which will hereafter be alluded to) n linear functions q1, gz... Qn; then we 


shall have 
ge 1 1 Wick 


Je G++ mat 
and therefore 


ox = KN, 
fæ= KD, 


where J is the numerator and D the denominator of the continued fraction 
and K is a constant; the value- of this constant is immaterial but is 
in fact 


Ly Li Le ie 
In, L, La, L;, &c. being the leading coefficients of the last, the last but one, 
the last but two, &c. of the Bezoutian secondaries to fx and da. Accordingly, 


if n=1, let D= g= jn; f 
s 1 
if n=2, let D= que +1 =p |e 7} = mm; 


i , 1 
if n=3, let D =q; {Qh +1} +q = MMs jas + L = pi paps; 
and in general let 
D = pn pops +++ Hn, 
where 
PAET T E- P. pat 
xt" 7 y= Farid =z sa AT = lUn EARE 
; Shi: pa she aa Me sth Pra 
Now suppose æ to be so taken that 
qı does not lie between +1 and — 1 
Jo ” » + 2 and SEE 2 
Ys » Pn +2 and —2 
qa + a +2 and — 2f?’ (w) 
qn—ı » ”» 2 and — 2 
qn » »” 1 and gun 1 


where it will be observed that the excluded region lies between!+2 and — 2 
for all the intermediate quotients, but between only + 1 and — 1 for the first 
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and last quotients. Then s, is positively or negatively greater than 1, 
therefore = is a positive or negative fraction; but q, is positively or nega- 
tively greater than 2; therefore u, will be of the same sign as q,, and also p 
will be positively or negatively greater than 1; therefore = will be a positive 


or negative fraction; but q, is positively or negatively greater than 2; 
therefore u, will be of the same sign as q;, and also u, will be positively 
or negatively greater than 1; and proceeding in this way, we find that all 
values of m, from i=1 to i=n— 1, will be of the same sign as q;, and 


positively or negatively greater than 1. Finally, = will be a fraction, 
` n—1 
and therefore, since qn is positively or negatively greater than 1, xn = qn + 4 


n—1 
will have the same sign as q, (but of course is not necessarily greater 
than 1, nor would that condition serve any purpose were it satisfied). We 
infer consequently, that when the conditions (w) are satisfied, 44, po, 
Hs ... fn Will respectively have the same signs as qı, qə... qn; and therefore 
D = py pes ... pn has the same sign as q,q293--» ne Now suppose 


= 4rth, Go= dee + by... n= Ant + bn, 
and solve the 2n equations 
mg +b =+, Act b= + Cy... Anat H boami. Cn-ay, Lat ie Oa Cn; 
mæ +bi=— 0, Qw +b,=— Cy... Anat + bna = -— Crs Ant ++ bn = -— Cn, 
where 
A Oi RS, AE A EE y E A = 1. 
Whenever in any one of the n pairs of equations above written the coefficient 
of æ is positive, the upper equation of the pair will bring out the greater 
value of æ; but when the coefficient is negative the lower equation will give 
the greater value. Take the pair 
a;æ+bi= Ci, 
Q; + bi = — lj: 
If a; is positive a;æ +b; will always be positive, and greater than c;, between 
æ= and æ= the greater of the two values of æ; if a; is negative a;x + b; 
will always be negative, and less (that is nearer to — ©) than — c;, for all 
values of æ between the same limits as before. So again it will be seen 
in like manner, that whether a; be positive or negative, between x = — œ and 
æ= the lesser of the two values of æ corresponding to the above pair of 


equations, a; + b; will always retain the same sign, and will be greater than 
+c;, or less than — c;, according as a; is negative or positive. If, then, we 
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take the greatest of the greaters of the n pairs of values of a, that is the 
absolute greatest of the 2n values, and the least of the lessers, that is the 
absolute least of the same, say L and A, then between L and A, qı, q2 -++ Qn Will 
each always retain an invariable sign, and will then fall without the limits 
+ Ci, Ł Co, «.. + Cn, E Cn, S0 that between + œ and L and between A and — œ, 
[My -.. Hn, that is a constant multiple of f(e), will retain the same sign as 
92 --- Yn, that is will never change its sign from the beginning to the end 
of one interval, nor from the beginning to the end of the other; and con- 
sequently Z and A will be a superior and inferior limit respectively to the 
real roots of fe. It will of course be observed that it is indifferent for the 


purposes of the foregoing theorem, whether e be expanded under the form 


of a proper or an improper fraction, that is whether we employ the ordinary 
or the Sturmian process of successive division ; for changing the signs of the 
residues will only have the effect of changing qi into (+)q;, and the pair 
of equations (+) q;=+¢; remains the same whether the + or the — sign be 
prefixed to qi. The result is, that if we form the 2n quantities 


’ 


+1-—), +2-b, +2-b, t 2 — bn +1— bn 
B N T b aes Un 

the greatest of them will be a superior, and the least of them an inferior 
limit to the roots of fa*. : 

It may be remarked that if the successive dividends in the course of 
the process be multiplied respectively by ky, ka ... kn, = will take the form 


ki k hes kn, 
ht+q+ 4st Qn’ 


and if we write 

aw t+ b= to, aw+b=tcy... Ane tbn = Cn 
and make 

a=1l, =l +k, c=Ll1 + k... ên = l +kn, 


the same reasoning as above will show that the greatest and least of the 2n 
quantities 
Elab otl thynby EEk) ba Ebh 


, 


ay Ag An—1 An 


will be a superior and inferior limit to the roots of fx. 


For greater simplicity, again, consider k, k, ... kn to be all equal to unity; 
we may make this addition to the theorem as above stated, namely calling 


* For a generalization and improved form of statement of this theorem see Supplement to 
the present Section. 
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L, Ay; La, Ay... Ln, An the greatest and least values of the terms contained 
respectively in the series marked below 1, 2, 3... n, namely— 


+1-), +2-—b, + 2— b; + 2 — bn +1—b, (1) 
iar Tanti Y Nar ; gran eee 5 ANS > On ? 
t, , ds ee) AR > an , 
as On. n An” 
tlbi l-b (n—1) 
an-ı An 
+ 1 — bn 
w, (n) 


L, Ay; L, Ay... Ln, An will be respectively superior and inferior limits to fz, 
gx and their successive residues. As a corollary, we see, of course, that L 
and A, the superior and inferior limits to the roots of the given function fæ, 
must always lie between +œ and the greatest root, and between — œ and 
the least root, of the arbitrarily assumed function ¢a, 


Art. 53. Let us now assume somewhat more generally that dx is any 
number of degrees 0, in æ lower than fx, which will cause the first quotient 
qe, to be of the degree 0, in æ; and let us further suppose that dw stands in 
such a relation to fw that the following quotients, qe,, ge, ... ge,, are of the 
degrees 6z, Os... 0p in æ (Oz, Oz... 0, being supposed not necessarily units, 
as they would generally be, but any positive integers whatever, as may 
happen in consequence of one or more of the leading coefficients in any 
residue vanishing); then 


da Ted TS bea 8 


Je qo, + G,+ G+” %,’ 
where 0,+ 0,+ 6;+...+06,=m; and consequently fx will be equal to the 
denominator of the last convergent above written, multiplied by a constant, 
so that we have now c fx = m,m,... Mp, where 


1 
M, = l = ame a; 6/4: Shen ee +- 
1 qe, Ma qo, + my P Jopi Mp1 


And as in the case previously considered, so long as 


ep. >2 >2 >1 
a ( or ) n( or $ a ( or e a,( or ) 
<-1 <-2 <-2 <-1 


fe will have the same sign as q,9o, «++ op. 
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Let now Ya=tr, qa, = tC... Jo = E Ch, 
where a=1, q=2...¢,=2, o,f. 
Consider any pair of the above equations as qo? — c? = 0. 


Firstly, suppose all the roots of this equation are impossible; ge? — c? 
must be positive for all values of x, and ge, can never lie between + c; and 
—c;; moreover, since upon the hypothesis made, qe, + c; and qe, — c; always 
retain the same sign, namely, that of the coefficient of the highest power of 
qe, it follows that go, must also always retain the same sign; for if we con- 
struct the two curves y= qe + ci and y=4qo,—¢;, these will both lie on the 
same side of the axis of æ, and never cut the axis, consequently the curve 
Y = qa, Which lies between them, must also lie on the same side as either of 
them, and never cut the axis. 


Hence, then, if the roots of the equation are all impossible, qo, will 
always retain the same sign, and will never fall within the region bounded 
on two sides by + c; and — cis 


Secondly, suppose the equation to have one or more possible roots, and 
l; to be the greatest, and à; the least (which of course, if there is but one 
possible root, will be identical). If the leading coefficient of go, is positive, 
the greatest root (l) of the equation qa, — ci = 0 will exceed the greatest root 
(V) of the equation go,+¢;=0; for between a= and s =V, go, must go 
through all values intermediate between œ and —c;; hence there must bea 
quality } intermediate between V and +, which will make qo,=c;. In 
like manner, if the leading coefficient of qe, is negative, it will be seen that 
the greatest root of q,+¢;=0 will exceed that of q»,—c;=0. Moreover, 
in the one case gg, will be always positive and greater than ¢;, and in the 
other always negative and less than c;. In every case, therefore, between 
+o and li, go, retains the same sign, and does not fall within the region 
bounded by +c; and —¢;; the same thing may be shown to be true for 
all values of æ between — œ and ;. Hence, then, by the same reasoning as 
that employed in the preceding article, we are enabled to affirm, that if we 
form the equation 

(go, — 1) (go — 4) (qo, — 4) +.. (qo, _, $) (Go,? — 1) = 0, (y) 

its greatest root will be a superior limit, and its least root an inferior limit 
to the roots of the equation fs =0, whatever be the value of the assumed 
function ġæ; and if the above equation (W) has no real root, all the roots of 
fe will be imaginary. 


Art. 54. In the preceding two articles it has been supposed that all the 
quotients are taken integral functions of æ; but the process of successive 
division may be so conducted as to give rise to quotients of the form 


l 


E a PAE R A 
g az 
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Suppose then that we have in general 


i sat 

Je nt+gat Qe 
where qi, q2-.- Jw are each of the general form above written (but of course 
i and 7’ being not necessarily the same for any two of the quotients), and 
suppose that the sum of the degrees in æ of qı, q2-.. Qu is n +t, where t is 
essentially (as it must be) positive. Then we shall find, as in the last article, 


that Z and A being called the greatest and least roots of 


(qr? — 1) (q? — 4) «.. (Gea — 4) (Qu? 1), 
D, the denominator of the last convergent to the continued fraction above 
written, will never change its sign between + æ and L, nor between A and 
—% ; but here we shall have 


Je= Ka xD. 
Hence æt D will be invariable in sign within each of these two intervals. 


Firstly, let ¢ be even; then fx will be invariable in sign, whatever L 
and A may be for each such interval. 


Secondly, let ¢ be odd; then if L is >0 and A< 0, fx cannot change 
its sign in either interval; but if L is <0 or A >0, fx will change its sign as 
æ passes through zero, but will be invariable for each of the three regions 
contained between +œ and L, L and 0, or 0 and A (as the case may be), 
and A and — #; so that universally Z and A will be a superior and inferior 
limit to the roots of fz, making abstraction of the roots (if any such there be 
in fx) whose value is zero. 


Art. 55. I shall close this section with offering (for what it is worth) 
a bare suggestion as to the mode in which the theory of Intercalations may 
hereafter be found to admit of being extended from a system of two general 
functions of æ, to a system of three general functions of a, y, four general 
functions of æ, y, z, and in general to a system of e general functions of e— 1 
variables, or which is the same thing, of e homogeneous functions of e 
variables. In the case of two functions of a, fv and px, fe =0 and ¢da=0 
may be considered to represent two systems of points in a right line; and 
the theory relates in this case to the relative positions of these two 
“Kenothemes” or point systems; and of course using w and y to denote the 
distances of any point in a line from two fixed points therein respectively, 
instead of fx and da, we may employ two homogeneous functions of æ and y, 
as f(x,y) and ¢ (æ, y), to denote these two systems of points. So, similarly, 
if we have three functions of two variables, f (æ, y), g (x, y), h(s, y), which 
I shall suppose to be of the same degree, we may consider the mutual 
relations of the Monothemes, that is to say, the three plane curves, denoted 
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by the equations f(a, y)=0, g(a, y)=0, h(a, y)=0. Now every two of 
these will intersect one another in a system of points, which we may call 
(f, g) for the intersections of f and g, (g, h) for those of g and h, and (h, f) 
for those of hand f. If we take any two of these systems of intersections, 
as (f,g) and (g, h), they will both lie upon one of the given curves (9). 
And by reading off the two systems of points (f, g) and (g, h), arranged 
according to the order upon which they are disposed upon the curve g, we 
may, by following the course of such curve, form a scale of effective inter- 
calations for these two systems, and in like manner for the two systems 
(g, h) and (h, f); (h, f) and (f, g). Now I believe that it will be found that 
when f, g, h represent any algebraical curves consisting of a single continuous 
line, either extending to infinity in both directions, or returning to itself 
(and I have fully satisfied myself of the truth of this for the case of ellipses), 
each effective scale of intercalation will contain the same number of pairs of 
points; if, however, the curves consist of more than one branch, as if hyper- 
bolae be considered, such is no longer necessarily the case; from these facts, 
conjoined with the light thrown upon the subject by its relation to the 
theory of combinants explained in the succeeding section, I am induced to 
infer the probability of the truth of the following law (which, for avoidance 
of further uncertainty, I confine to the case of functions of the same degree), 
namely, that if f, g, h be three homogeneous functions of æ, y, and z of the 
same degree, and if U, V, W be any three linear functions of f, g, h, and if 
U=0, V=0, W=0 be treated as the equations to three cones, and if we 
form an effective scale of the intercalations of the lines of intersection of U 
and W, and V and W, according to the order in which they are disposed 
upon W (which seems to require that the lines shall be continuous, in order 
to admit of a fixed order of reading off the intersections of any two of them 
upon the third); then, whatever value may have been given to the coeffi- 
cients in the linear functions, the number of elements remaining in any such 
scale will (as I conjecture) be constant, and some theory (to be discovered) 
for three functions, analogous to that of Bezoutian residues for two functions, ` 
will serve to determine the number of the elements so remaining. And so, 
in like manner, but with a difficulty increasing at each step (as at the next 
step we should have to pass into quasi-space of four dimensions), a theory of 
intercalations may be conjectured to exist for any n general functions of 
any (n — 1) variables, 


Development of the method of assigning a superior and inferior limit 
to the roots of any algebraical equation. 


Art. (a). Since the articles in the preceding part of this section on the 
method of discovering limits to the roots of an algebraical equation were 
written, the method of which the germ is therein contained has presented 
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itself in a much more fully developed form, which I proceed to exhibit: for 
greater simplicity I shall suppose ġæ to be of n—1, and fx to be of n 
dimensions in æ, and that by means of the ordinary process for common 
measure (except that as in Sturm’s theorem the signs of all the remainders 


are changed) g has been thrown under. the form of the improper continued 
8 fe prop 


fraction 


where q, q2 +++ Yn are all restricted to signify simple linear functions of æ. 
Suppose the series q1, q2, qs .-. qn to be resolved into the distinct sequences 


Ne ++. Gis Tits Vi+e eee Që, Viti ees Qia ees GiH +++ Ins 
in such a manner that in each sequence, as gj41, i+2--. gi, the coefficients 
of æ have all the same sign, but that in any two adjoining sequences the 
coefficients of æ have opposite signs, so that for instance in q; and qj, the 
coefficients of æ are unlike, as also in qy and qj,; there will of course be 
nothing to preclude any of these sequences becoming reduced to a single term. 


The first theorem is, that the greatest and least roots of the product of 
the cumulants [p. 504 above] 


[9192 «++ Gi] X [ligir +++ Gi] +» X [QaHQw+e ++ Gn] 
are superior and inferior limits to the roots of fx. To prove this theorem 
I begin with premising the two following lemmas, one virtually and the 
other expressly contained in the Philosophical Magazine for the months of 
September and October of the present year* [p. 641 below]. 


* Each of these two lemmata flows readily from the faculty previously adverted to engaged 
by every cumulant of being representable under the form of a determinant. As to the second 
lemma, it becomes apparent immediately when the cumulant is so represented, by separating the 
matrix into two rectangles and expressing the entire determinant according to a well-known rule 
for the decomposition of determinants as a function of the determinants belonging to these two 
rectangles taken separately. As to the first lemma, by reason of the cumulant [w] wa... wi] Wiwit] 
being so representable, we know that when [ww ...@j-,@J=0, [v1 wo... @j-,] and [w wa... wi] 
must have opposite signs. Suppose, now, that the theorem is true when the number of elements 
in the type does not exceed i; then the roots of [w,,...w;,], say of Yi- being called 
hy, hg... yy, and of [w,w.... wiwi], say of Yi, being called k,, ko... kj, these may be 
arranged in the following order of magnitude k,, h,, ky, hg, kg... ky, hy, ki; and if the roots 
Of [w We ... Wj_) Wi With SAY Of Yiyi, be called 4, l... lj4,, from the fact of the leading coefficients 
in yj, and Yip expanded according to the powers of x having the same sign, it follows that 
when c=, Yi and Yi, have the same sign, but they have contrary signs when r=h,; but 
WYi-ı does not change its sign between x= and x= k, hence y;,, does change its sign between 
x= and «=k,, and therefore a root of Y; lies between œ and k,; in like manner precisely it 
may be shown that a root of y,,, lies between -œ and k;; and since y;_, changes its sign 
between k, and kọ, between k, and kg... and between k; and ki, ¥,,, must likewise change 
its sign between one and the other extremity of each of these intervals, and hence the roots 
li» Ly... Ley, are intercalated between ©, k,, ky... kj, -@, or which is the same thing, k,, ky... kg 
are respectively intercalated between l, ls... li}ı; consequently, if the theorem is true up to i, 
it is true for i+1, and therefore true universally ; but is manifestly true when i=2, for then 
a=+o makes [ww], that is, w,w,—1 positive; but w=0 makes it negative, which proves 
the theorem contained in Lemma A. 


3. 34 
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Lemma A. The roots of the cumulant [q,q....qi], in which each element 
is a linear function of æ, and wherein the coefficient of # for each element 
has the like sign, are all real, and between every two of such roots is con- 
tained a root of the cumulant [q@q...qi.], and ex converso a root of the 
cumulant [q.qs--. gi]; and (as an evident corollary) for all values of p and p’ 
intermediate between 1 and 7 the greatest root of [qq ... qiqi] will be 
greater, and the least root of the same will be less, than the greatest and 
least roots respectively of [q,Qp41 ++» Gora]: 


Lemma B. For all values of the elements q,q.... qn, the cumulant 


[9192 +++ Ju1 Qu Jui Jute +++ In] = [192 +++ Yo-Yo] X [Joti Joe +++ In] 
= [4192 +++ Jaa] X [Jote +++ Yn]. 
Thus for example the cumulant [abcd], that is 
abcd — ab — cd — ad + 1 = [ab] x [cd] —[a] x [d] = (ab — 1) (cd — 1) — ad, 
and [abcde], that is 
abcde — abc — abe — ade — cde +a + c + e = [abc] [de] — [ab] [e], 
that is Es = (abc — a — c) (de — 1) — (ab — 1) e. 


Art. (8). Also suppose that qıgə-.. qoqw+1 +++ Qn are all linear functions of 
a, and that the coefficients of æ have all one (say the positive) sign in 
Qis Qe -++ Jw, and all the contrary signs in 4.4; -+ Qn, and let L be not less than 
the greatest root of [qq2---Qw] or of [u+ -+ Qn], and also let A be not 
greater that the least root of each of these same two cumulants; then by 
Lemma A, L and A will also be respectively greater than the greatest, and 
less than the least roots of [q,q2 ++» qu] and of [u42 -+ Qn]. Now the coeffi- 
cient of the highest power of æ in both [414 s+ Go] and in [gigas Gua] is 
positive, but as to [quasi ++. Gn] and [qu4o--- dn] is of contrary signs in the two, 
namely, negative in that one of those cumulants which contains an odd, and 
positive in that one of the two which contains an even number of elements. . 
Hence by virtue of Lemma B, L and any quantity greater than L substituted 
for æ will make [q1q: ... qn] to have always the same sign, and in like manner 
it may be shown that A and any quantity less than A substituted for æ will 
also cause [9,42 ... qn] to retain always the same sign. Hence L and A are 
superior and inferior limits to [q,q..-. qn]; and the same reasoning would 
evidently apply if we had supposed the signs of the coefficients of œ in the 
first partial series of elements to have been negative, and in the other series 
of elements to have been positive. 


The greatest and least roots of [qqs --. qo] X [Qw+1 ++» Gn] evidently satisfy 
the condition to which Z and A are subject, and may be taken in place of L 
and A respectively. They will accordingly be superior and inferior limits to 
the cumulant 


[iga +++ Qu Guta ++» Qn]: 
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Again, by virtue of Lemma B it may readily be shown that 


lige +++ Qos Qayt Jote +++ Qoar Gota +++ Yn] 
= [Qg Goi) X [Zotan +++ Yoo) X [lot +++ Yn] 
SA AT PIN E f EANA SA BARE A” EREN 
— [a9 Qo) X [Iot Got} X [Gorte ++» gal 
+ [9192 +++ Qua) X [Quyt2 e Gora) X [Quyre ++ Qn] ; 


and hence if qı, qə --. qn are all linear functions of æ in which the coefficients 
of x have all the same algebraical sign in any one (taken per se) of the three 
series ; 
VIe ve» Lors Qarta +++ Goas Gwata +++ Gns 

but so that this sign changes in passing from one series to another, it is 
easily seen, by the same reasoning as in the preceding case, that the two 
positive and two negative products on the right-hand side of the equation 
all give the same sign to the coefficient of the highest power of a, and 
consequently that if Z and A be superior and inferior limits to 


lgi -++ Gord, LLa +++ Qos [Gort +++ Yn) 
and consequently by Lemma A, to 
[9192 +++ Qa}, LIma ee Jools [Gort +++ Yor» [Quy t2 +++ Your); 


and to [goa tee Yn); 


L or A substituted for æ will cause [919 --. Yn] to retain always the same sign, 
and will consequently be superior and inferior limits thereto; and so in 
general; whence it follows, returning to the theorem to be demonstrated, 


that the greatest and least roots of 
[91 Yo +++ Qi] X [iaia +++ Ge] X «+» X [Qs +++ Yn), 


will be superior and inferior limits to the cumulant [q.qo... gn], that is to 
C fe*, and therefore to fx, as was to be proved, 


Art. (y). The second theorem is the following: if qi, qə... Qn be linear 
functions of æ, say a,x + b,, a,v + ba ...d,@+ bn, in which the coefficients of æ 


AL = expanded as a continued fraction by means of the common measure process gives 
rise to the quotients 91, q2... gn, and if Li, L,...Ly,_,, Ln be the leading coefficients of the 
successive simplified residues, (L, being, in fact, the final simplified residue, that is, the 
resultant to dx, fx), we must have ¢x=C[qo, gg... nl fe =C [q,, qo... Qn], Where (supposing pz 
to be of n-1, and fx of n dimensions in 2), 

C= 1 j 2,AL?,_,L*,_, &e. 
Lp (Le yy LP yig L*y-5 ke.) * 
34—2 
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have all the same sign, and if we take the quantities 4n, pa... fm, all 
having the same sign as dj, dy... @n, but otherwise arbitrary, and make 
1 


1 1 1 
k= „k= —, khs +—Lwk = f +—, kr= — 
n anata a a aa a 


then the greatest of the quantities 
k, — b key — be kn—bn 
Bree MaRS 6 Ie 


say L, is a superior limit, and the least of the quantities 


, 


—k,—), — k, — by — kn — bn 


a, @ = =p 
say A, is an inferior limit to the roots of fa. 


> 


L and any value greater than L substituted for æ will evidently make 
qı — ki, qa— ka ... In — kn, all of them positive. 


Hence, when x = or > L, q is positive and > y,', and 


1 1 1 1 L-i aa 
—-—>k,——>p.+— ——, that is, is positive, and > pe, 
EMR AT Pika P 


' ioe i 1 ; Tae A ie -A 
—-— —>hk,—— > wy, +—— —, that is, is positive, and > p;, 
Ts 3 ps P Hs 


qa—- q 


CRORE EO HEHEHE EEE EEE ETE EEE HEHEHE HEHEHE HH EHH HEHEHE EEE ES 


1 1 1 1 1 


—— — > Á — -— 


i Qn-1 — Un-2 Fi qı Hna Mna 


and Yn 


and consequently the cumulant [91929 --- Yn], which 
1 ae 
= _—— — —)x & ey 
a (p 3) x (1 q- 4 : 
remains of a constant sign when L and any quantity greater than L is | 
substituted for æ. Hence L is a superior limit. In like manner A and any 
quantity less than A will evidently make q, + kı, qa + ka... qn + kn all of them 
negative, so that, when æ = or < A, qı is negative, and < — p, 
qa— =< kg — > is negative, and < — po, 


1 | ig : 
qg- -=< k,- i is negative, and < — pz, 
2 


1 1 1 1 - 3 : 
— s.. = < — — —— 18 negative, 
In- — Ina h Mna Pn 


and qn— 
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So that [q, q2---Qn] for all values of æ less than A will preserve an invariable 
sign, and consequently A is an inferior limit to fz. 


Art. (8). It may be remarked that the quantities 


df Hise fay Ey pa vipniluctegers oti ud 
Mi, Be he Bs es soe Hn- bite Hn- ET: Tic 


may be derived successively from one another, according to the same law, 
from whichever end of the series we begin. 


If we take any two consecutive terms as 


Ki has Misa + z 

Kina Ki 
the effect of diminishing w; is to decrease the first of these two terms, and 
pro tanto, to tend to reduce the limit; but on the other hand, 5 being 


increased, there is brought into play an opposite tendency, which operates 
pro tanto to increase the value of the limit. 


Art. (e) It is of importance to remark, that by a right selection of 
the system of quantities mı, He... n+, Which enter into the composition of 
ky, ka... kn, L may be made to coincide with the greatest root of [q,, dz... Qn]; 
and so in like manner by a right selection of another system of these 
quantities, whereby to form k, k... kn, A may be made to coincide with the 
least root of the same. Thus let m, we... Hn- be so chosen, that 


q—k,=0, qa — ki = 0... Gn — kn = 0, 


are all satisfied by the same value of x. 


Then n=: a= m+, a ee eit 
exist simultaneously. 
Hence ebay ~ 2; j bs gece ae tal ts Sd 
qı Be Ge—- h 
a DVE 1 
eee ee eh at hg qn’ 
1 1 1 


ar TIPS RSET a 
which is satisfied by making 
[gns Gnas Qn- +++ gi] = 0. 
It remains then only to show that the greatest root of æ in this equation 
substituted for æ in qı, qa... Qn Will make py, ps... Hn all of one sign, and 


that the least root of æ similarly substituted, will also make them all of one, 
but a contrary sign, which may be proved as follows. 
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We have 
h= qs, h= [Q Ih) K= [0g] + [q 92] &e. 
Hn F [qg tee qrii] te [qg tee Yn-2] ; 


and by Lemma B the superior limit to [nq + . qn] will be a superior limit 
also to [qi +++ ns], and to . 


[9192], [91929s] ree) [MQ tee AA A 


Consequently this superior limit will make sy, He... fn have all the same 
sign as that of the coefficients of æ in qı, qe --'qn. And in like manner, the 
inferior limit to [qq .-- qn] will cause pn, po... Hn- to have all the contrary 
sign to that of these coefficients. 


Thus then we see that when the coefficients of æ in the partial quotients 
ga 
fe 


continuations of signs, by a right choice of the arbitrary constants p, Ha...» pn~ 
the superior or inferior limit given by this new method may severally and 
separately be made to coincide with the greatest and least real root, or each 
in turn with the sole real root of fx, if there be but one. 


to + expressed as an improper continued fraction form a single series of 


Art. (€). The general method of abiha the roots of fx within limits 
is founded upon the combination of the two theorems above demonstrated. 
An arbitrary function dz, one degree in # below fz, being assumed, and by 
aid of the auxiliary function $2, fæ being thrown under-the form 


Clade lis WE Tis K e (Ghee (Da), 
in which the coefficient of æ is supposed to change sign in the passage from 


qi to qi, from qy, to q”, &c., a superior limit is found to each of the 
cumulants 


[ag -e Gil [qr qe’ «+ Ve] e Cla «+ (Meo) 


taken separately, by means of the second theorem, and then by virtue of the 
first theorem the greatest of these superior limits is a superior limit to the 
cumulant 


CA Go +++ Jive (Qh «+ (Dads 


and consequently to fx, and so mutatis mutandis the least of the inferior 
limits of the same partial cumulants is an inferior limit to the total cumulant 


[Gio +++ Gi ++» (Gh (Qo +++ (Qa) 


Art. (n). When all the roots of fx are real, if da be so assumed that all 
its roots are intercalated between those of fx, the partial quotients to & 


will form but one single series. In order that ġæ may fulfil this condition, 
it is necessary that the coefficients of ġæ shall be subject to certain conditions 
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of inequality, not necessary to be investigated here; but no conditions of 
equality, that is, no equations between the coefficients of da, are introduced 
by this condition; or in other words, the coefficients* of ¢z, the auxiliary 
function, are independent and arbitrary within limits; and we have shown 
that in this case the auxiliary constants py, p... pn-ı may be so determined 
that the limits may be made to come separately and respectively into 
contact with the two extreme roots. When all the roots of fx are not real, 
the quotients (however ġæ is chosen) can no longer be made to form a single 
series. It still however remains true, that, by a due choice of the auxiliary 
function followed by a due choice of the auxiliary constants, this coincidence 
may be brought about, so long as there is a single real root in fz. 


It is rather important to demonstrate this universal possibility of 
effecting a coincidence of the limits to the roots with the extreme roots 
themselves, because it is the most striking feature which distinguishes the 
method of limitation here developed from all others previously brought to 
light. 


Art. (0). Before entering upon this demonstration I may make the 
passing remark, that every method of root-limitation is implicitly a method 
of root-approximation. 


For instance, let e be any given quantity between which and + it is 


known that a root of fw lies. Then if we write mae, and form the 
equation y” f (e+5) =0, and find Z a superior limit to y, it is clear that 
e +7 will lie between e and the root of fx say Æ, next superior to e. Again, 
making æ = T + 7 and finding a superior limit Z’ to y’, we shall have 


e+ ; + 7 still nearer to Æ than e+ was; and so we may proceed advanc- 
ing nearer and nearer, and always from the same side towards Æ at each 


step, and finally obtain Æ under the form e +I + i -+ T +&c. And in like 


V Pi 
manner calling Æ, the root next below e, we may find 
E RANE 1 
fy PO TR RM &e. 


Art. («). In establishing the theorem of coincidence above adverted to, 
the following notation will be found very advantageous. Let © denote 
a Type of any number of Elements, as qı, qə ..- Gia, qi, and let Q’ denote this 


* It need scarcely be stated that /’x is the simplest form of øx, which satisfies the condition 
in question, 
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same type when the last element, and ‘0 the same type when the first element 
is cut off, and ‘OQ’ the same type when both extremes are cut off, so that the 
apocopated type Q’ will mean qı, gq... qi; the apocopated type ‘0 will 
mean qs... gi, and the doubly apocopated type ’Q’ will mean qə, qs ... Gi-+ 


If now a type Q be made up of the types 0), 2,...Q; put in apposition, 
and if we use in general [Q] to denote the cumulant corresponding to the 
type Q, there will be a very simple law* connecting [Q] with 


[0], [2], [Q] tee [Q:-2], [2], [4], 
[0], [0%], [0's] ... [0%], [O°], 
KIAN KA eee [Qs], PO), KIAN 
POs PO'%ds-< Venki AA 
This law will be seen to be obviously deducible by successive steps of 
expansion from the fundamental theorem given in Lemma B, Art. (a), for 
the case of 2 = 0,0,, and will be best understood by showing its operation 
in a few simple cases. 
Thus let O=0,0,+. Then 
[2] = [9] x [22] — [0%] x [Q]. 
Let O =0,0,0,. Then 
[Q] = [2] x [Q] x [05] — [04] x [A] x [Q] — [Q] x [0%] x lO] 
+ [4] x [O] x [9]. 
Let QO =0,0,0,0,. Then 
[Q] =[O,] x [Q] x [Q] x [2] 
— [X] x [04] x [Q] x [Q] — [Q] x [X] x [O] x [2] 
— [0] x [0] x [X3] x PAJE + [9] x [0's] x [O] x [94] 
+ [0] x O] x [93] x PO] + [0] [0%] x [0's] x [04] 
— [0] [04] x [105] x r], 
* The cumulant corresponding to any portion or fragment of a type may be said to be 
a partial cumulant to the entire type, and a type whose elements are constituted out of the 
elements of two or more types placed in juxtaposition may be said to be the aggregate of these 
types; the law given in the text above may then be said to have for its object the expansion of 
the complete cumulant to any type in terms of complete and partial cumulants to the types 
of which the given type is the aggregate. 
+ The sign of equality is employed here to denote the relation between a concrete whole and 
the aggregate of its parts. 


t The number of distinct factors entering into these products, taken collectively, is evidently 
i+2(i-—1)+(é-2), that is 4(é-1). 
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and so in general if O = Q, Q... Qi, [Q] may be expanded under, the form 
of the sum of 2i— products separable into 7 alternately positive and negative 
groups containing respectively 1, (¢—1), $(¢—1)(¢—2), ... (1—1), 1 products. 


Art. (x). In every one of the above groups forming a product the accents 
enter in pairs and between contiguous factors, it being a condition that if 
any Q have an accent on the right the next Q must have one on the left, 
and if it have one on the left the preceding Q must have an accent on the 
right, and the number of pairs of accents goes on increasing in each group 
from 0 to i— 1. This rule serves completely to define the development in 
question *. 


For greater brevity let [0,], [Z], [Q.e], [Q] be denoted respectively 
by we, We, We, We, then when the type ©, consists of a single element, 


/ 


o,=1, ‘o,=1, ‘o.=0. 


It should be observed that the two equations we = 0, o’,=0 cannot exist 
simultaneously, for if Q, represent qı, qs --- qis 


, uy LA tt ttt 
We = lie — We, We= i0" e — W” e, &., 


so that if w =0 and w= 0, we have w”, = 0, œ”. =0, &c., and thus, finally, 
— 1 = 0, which is absurd. 


Now, if we suppose 0,, Q... Q. to be types every element in each of 
which is a linear function of x, the coefficients of œ in these elements being 
positive in 0,, negative in Q,, and so on alternately, and Q is the aggregate 
of Q., Q... Qe, it may easily be made out that each term in the development 
of w in terms of œ, @';,'@,, W1; @2, @'2, W2, W2, We. will have the same sign 
when we give to æ a value which is a superior limit, or an inferior limit to 


* When each partial type Q consists of a single element, every doubly accented Q will vanish, 
and every singly accented 2 will become unity; hence we may derive the rule for the expansion 
of the cumulant [a] azaz ... a;] in terms of a,, az... a;, Which will accordingly consist of 


1 1 

Gi (a, dg...4;) +E a E T PR (@,a...a;) F&C., 
the indices e and f, e+1 and f, &c. being understood to be all distinct integers (which agrees 
with the known rule for the expression of the denominator of a continued fraction in terms of 
the quotients). The number of terms in this expansion, in consequence of the vanishing of the 
quantities affected with a double accent, reduces from 2i-1 down to the ith term in the series 
commencing with 1, 2, 3, &c. defined by the equation u,;,,=u;+uj_,, that is 

1 /1+,/5\' 1 /1-,/5\" | 

ze (-s-) ra Ea e i 


the number, therefore, of products in which double accents occur in the general expansion of 


[w Wy ... w] is / 1 /legys\ 1 /1-5\H8 
PAC SG 


Ay Ay Ag wee Q= z 
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the roots of each of the cumulants @,, @,...@,, and consequently to those 
of the cumulants wi, Ws... We; Oi Wz... Oe; Oi O2... Oe; the products 
affected with positive signs being all positive or negative in themselves, and 
those affected with negative signs being reversely all negative, or all positive. 


Thus, for example, if 
Q= 0,0, 


lA 
w = W M — w W2, 


and the sign of the leading coefficient in 'w, will be the contrary of that 
in œ, but œ and œw, have both the same positive sign; so again if 
O = 2,0,0,, ; 


a 21 a f 
W = WWW — W 1 WW — WW 2 W + WM, W W3, 


where the leading coefficients in w, and ‘w, have contrary signs, as have also 
those in œ, and w, while œw and ‘w’, have the same sign; and of course 
the leading coefficients in @,, ws, w1, '@; have all the same sign, they being 
all positive, and so in general. But the superior limit to the roots of any 
integral algebraical function of æ substituted in place of # causes the signs 
of the resulting values of the functions to coincide with the signs of the 
leading coefficients, so that in the example last above given, L a superior 
limit to all the factors in the several products in the equation substituted 
for æ will make @,0,0;, — @';'@,@3, — @,@','@;, @,'@','w; to have all the same 
sign. The like will be true of A the inferior limit; for if Q,, Q, Q, contain 
respectively n, ns, n, elements, the values of the four products last above 
written, when æ =— œ, will be to the values of the same when æ= + œ in 
the respective ratios of 


(—ymrmatis : i (—)mitmetms2 ; 1, (—ymtmatms—2 : $; (=mi mtm : 1 


and so in general. Hence we deduce the theorem, that if the total type Q 
represent the aggregate in apposition of the partial orders 0), Q ... Qe (the 
elements being understood to be linear functions of æ, which are subject 
to the law of alternation in the signs of the coefficients of æ in passing from 
one partial type to another), no superior limit to @,, @,...@, can make w 
vanish unless each separate product in the expansion of w in terms of 
Wi, @... Wp and the appurtenant apocopated cumulants vanish separately. 


Art. (A). From the above theorem we may deduce the following law, 
namely, that if the roots of @,, œs... œe be supposed to be arranged in order 
of magnitude, and A to be that one of them which is nearest to + or to 
— ©, then if e is even it is impossible for A to be a root of œw. Thus suppose 
e = 2, and consequently w =w, w,—’,’@,; if à be a root of œ, and one of the 
two extremes of the roots of œw, œ put in order of magnitude, Aà cannot be 
a root of ‘w,, for the roots of ‘w, are confined between the roots of w,; but 
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if à make w and œ, each vanish, we must have @',’#,=0, hence w; =0 
as well as œ, =0, which is impossible. In like manner if a root of w, were 
the extreme root, the same impossibility could be in like manner established. 


Again, suppose e = 4, so that 


W'a O3 W4 W1 Wa W3 Ws 
wz Ws (ON @ı Do (OF w4 ž 

Let à continue to denote one or the other extreme of the roots of 
®,@,@,@, IfA makes w = 0 we have 

@,0,0;0,=0, @'@,0,@,=0, Wa ww =O, @,0,0';'0,=0, 

w D a Wg w, = 0, O OW g O4 = 0, w Wa W 3 O4 = 0, w O O g O = 0. 

Now suppose that à is a root of œ, then the equations remaining to 
be satisfied are 

w ACT w, = 0, w Oz Oz w, = 0, w '@o@ ‘Ws = 0, w Oa W 3 Ws = 0. 

Since w, and w’, cannot both be zero together, X cannot make @’, or ‘w, 
zero; and because A is an extreme to the roots of œ, @;, @,, à cannot make 
W OT Wa Or Wz Or ‘ws Or w, Or ‘w, zero, so that in fact when æ=) none of the 
singly accented quantities œ can be zero. As regards the doubly accented 
quantities w, the same thing cannot be affirmed, because if any Q contains 
only one element the corresponding value of œ with a double accent vanishes 
spontaneously. Again, any of the unaccented quantities œ may vanish, 
because we may suppose any of these to have an extreme root à. Conse- 
quently the first, second and fourth of the equations remaining to be satisfied, 
might be satisfied on making the necessary suppositions as to the form of the 
quantities œ and the values of the extreme roots; but the third remaining 
equation w’,’w.w’;'@,=0, in which only singly accented quantities œw occur, 
remains incapable of being satisfied on any supposition whatever. And the 
same thing would be true if we suppose to be a root of any other w instead 
of w. Hence à cannot make œw = 0 when e = 4. 


In like manner, if e be any even number 2e, there will be an equation 
w ‘@.'s ‘Ws W's Os eee Arai = 0, 
to be satisfied by that value (if it exist) of æ which, besides being an extreme 
(on either side) of the roots of @,, œs... œw arranged in order of magnitude, 
also makes œ =0. But as such equation cannot be satisfied, neither extreme 


root of the roots of œi, wz... @ can be a root of œw, as was to be proved. 
Consequently, unless ġæ is so assumed that the number of changes of sign 


in the coefficients of x in the quotients resulting from = expanded as an 


je 
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improper continued fraction is even (for if the changes from sequence to 
sequence are odd the number of sequences themselves is even), the method 
of limitation in the text cannot give the means of drawing either limit 
indefinitely near to one or the other extreme roots of fz. 


Art. (m). . It now remains to prove the converse, and to show, first, that 
when the number of changes is even, that is, the number of sequences odd, 
this coincidence can always be effected; and secondly, that it is always 
possible when fx has one or more real roots, so to assume $x that the 
number of sequences shall be odd. 


The first part of the proposition is easily proved. Thus suppose e= 3, 
so that 


yd + 08 Bil 
W = W WW — W) WW — WW o W + WW» Ws. 


If we suppose à, either extreme of the scale formed by writing in order 
of magnitude the roots of w, œ, w, to be a root common to w, and to ws, and 
if ‘w’,=0, which last equation may be satisfied by supposing the type Q, 
to consist of a single element, the separate equations 


t 
@,0,0,=0, @;'0.0,=0, @,0','w,=0, W W w= 0 


will all be satisfied; and so in general it may be shown without difficulty 
that if e = 2e + 1, and if à be a root common to 


œw = 0, w=0, a,=0..: ðn = 0, 


and if ws, O4... @z be all simple linear functions of æ, so that consequently 
‘o',=0, ‘w’,=0...’w', = 0, each separate term in the development of w 
will vanish singly and separately, and consequently A will be a root of œw: 
for since X makes w, = 0, @;=0... @4; = 0, every product in the developed 
form w, in which w, œs... @4,; do not each bear at least one accent, will 
vanish; and if we consider any product in which œ, @ 3... @s4;, are all 
accented, if in any two of these immediately following one after the other 
AS W241, Wx%4,, an accent falls to the right of the first, and to the left of the 
second, the intervening term w will bear a double accent, and will therefore 
vanish, since w is supposed to be a linear function of æ; but it is impossible 
when every w is accented to prevent two accents of contiguous odd terms 
in any such product, from falling to the right of the left, and to the left 
of the right, term of the two, since the contrary would imply that all the 
accents would fall to the right, or all to the left, which, as above remarked, 
is impossible, on account of the two extreme terms being only simply 
accentable, that is, œ only to the right, and œ+, only to the left. Hence, 
when g substituted for A makes w, @, ... @o4; all vanish, and when wz, @, ... @ox 
are all linear functions of æ, æ = will be a root of w. 
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Art. (v). I believe that the remaining part of the proposition may be 
rigorously demonstrated, namely that when any of the roots of fz are real, 
and the number of odd integers not exceeding the index of the degree or 
fæ is m, and the number of imaginary pairs of roots in fx is p, dx may be so 


assumed that the quotients to oe expanded under the form of an improper 


fe 

continued fraction, may be made to take the form Q,, Qs, Qs, Q... Qe, 
where Q., O,... Qu are linear functions of x, and 7 is any number assumed 
at will, not less than mw, and of course not greater than m; and where 
@;, @s +. @oi;, Will have in common a root A, which may be made at will the 
greatest or the least root of @,@,@;...@94,; the investigation, however, accord- 
ing to the present light which I possess on the subject, appears complicated 
and tedious, and therefore, in order that the press, which is waiting for the 
completion of these supplemental articles, may not be kept standing, must 
be adjourned to some future occasion. For the present I content myself 
with showing the truth of the law for the simple case where jz is a cubic 
function of æ. 


Firstly. If g gives rise to a single sequence of quotients Q, we know, 
from the theory of intercalations, that it is necessary that all the roots of fæ 
shall be real, and in order that when this is the case the quotients may form 
a single sequence Q, it is only necessary so to assume ¢a, that its roots may 


be intermediate between those of fæ. 


Secondly. If the roots of fx are not all real, or if they are all real, but 
do not comprise the roots of da intercalated between them, and if for greater 
brevity of ratiocination we stipulate that ¢z shall have its leading coefficients 
of the same sign as that of the leading coefficient of fz, the leading coefficients 
of the three quotients will either bear the respective signs ++ —, or the 
respective signs + —+, or the respective signs + — —; in the first and last 
of these cases there would be two sequences, and therefore, by what has been 
shown above, the method of limitation of the text could not give a limit 
coincident with a root. Let us then look to the remaining case, and inquire 
whether, and how, px may be assumed so that fx shall become representable 
to a constant factor près by the cumulant [p(«- a), — q (@— 8), r(a@—-a)], 
where p, q, r are all positive, and a is a root of fx. 


Let this cumulant be called hfz. 


Nothing in point of generality will be lost if we suppose the leading 
coefficient of Afw to be — 1. We then have 


hfz =(p(w—a), —q(x—8), r(w—a)] 
=— pqr (x — af (æ — b)—(p+r)(«#-a) 
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and writing Ep = 2°+ Bx + and making «=a, we find from the above 


identity that 
pt+r=a?+Ba + O, that is, p=a? + Ba+C—r, 


and pqr (x— B) =x +a + B, 
hence B +a + B=0, that is, 8=- B-a, 
1 1 
and pqr = 1, and therefore gr * 3 EE: A Y 


Hence if ġx be so assumed that the quotients to = are p (x — a), —q(«— 8), 


r (x — a), we have : 
hoa =(- q(e@—8), r(w@—a)] =-gr(w@t+ B+a)(w—-a)-1 


= —gr (æ + Bx— a —aB) -1 = -5 [+ Be- a —aB+ p) 


Hence ¢ (x) is of the form 
m {æ + Ba — a? —aB + (a? +aB+C—r)} =m(a?+Be+C—r). 
If we call the three roots of fz, a, b, c respectively, we have 
1 1 


ae r(@+Bat+0—r) r{(a—b)(a—0)—7}’ 


and since g and r are both to be positive, we see that a must be taken the 
greatest or least of the three roots if they are all real, so that a?+Ba+C 
may be positive, which it will of course necessarily be if b and c are imaginary ; 
we must also have a?+Ba+O-—r positive, so that the form of æ is 
m {(a? —a*)+B(x—a)—t}, t being necessarily positive, but otherwise 
arbitrary, a form containing two arbitrary constants, one of which is subject 
to satisfy a certain condition of inequality; whereas when fw is of such 
a form as to admit, and æ is supposed to be so assumed as to cause, it to 


come to pass that the quotients to = form a single sequence, then the three 


coefficients in ¢a remain exempt from all conditions of equality but are 
subject to two conditions of inequality. And so in general when the degree 
of fx is x and the number of sequences 2i + 1, it is to be inferred that the 
n coefficients of dx will be subject to satisfy n — i — 1 conditions of inequality 
and i conditions of equality. 


Art. (£) The theory of the determination of the minimum interval 
between either limit determinable by this method and the nearest root, 


par 


or between the two limits so determinable when s is so assumed that Te 


gives rise to a defined even number of sequences (which will include the 
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theory of the case where all the roots of fw are imaginary), must be deferred 
to an opportunity more favourable for leisurely contemplation. As regards 
the application of the theory to the very interesting case of all the roots being 
imaginary, the principal point remaining to be cleared up is the determination 
of the least value that can be assigned to the greatest, and the greatest 
value that can be assigned to the least root of the algebraical product 
X,X,X,... Xm, where X,, X,... Xo, are all of them real linear functions 
of æ, subject. to the condition that the cumulant LX,, X., X; ... Xan] shall 
(to a numerical factor prés) be equal to a given function of the degree 2n 
in æ incapable of changing its sign, which condition implies, as a necessary 
consequence, that the coefficients of æ in each of the terms X,, X, ... Xen 
must be affected with the same algebraical sign. 


Art. (o). It should be observed that in the application of the above 
method, the division of the series of quotients into distinct sequences 
governed by the signs of the coefficients of æ is introduced for the purpose 
of drawing the limits closer to the roots, but is not necessary for the mere 
object of assigning limits. 


Thus, for instance, if there be two sequences so that 


[9ga -ee Gir Jitali+e +++ Gita’), 


1\2 1\2 1\2 
qi’ = fy’, qi=(m+—), a= (m+) nas (=) , 
pa —1 


FN 2 Ne 
and Pit = yp; its = (r + =) NERU ( —) : 


vı Vy-1 


the greatest and least roots of œ deduced from these equations will be superior 
and inferior limits respectively to the roots of fv; from which it is clear that 
if leaving all the other equations unaltered, except those which contain 
respectively q; and q°;1:, we write in place of these 


2 1 k 
Vin = (s + n) 


the roots of the system of 7+7’ equations thus modified will à fortiori be 
limits to the roots of fx, but then the quantities 


Hip + : 7 : i Vo + : : 
j = be T n —, mnt-, SRNT a 
on pa sa Mi-2 P Misa : P A a Vy 


form the same single series as would correspond to the two sequences 


qi Qo +++ Qi Vita «++ itis 
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treated as a single sequence, and the same is obviously the case for any 
number of sequences*. 


Art. (m). If we consider a single sequence as qj, dz... Yn, and write 


Q=, (£ — 6), Qa = Qa (L — C2)... In = An (L — Cn), 


where a, d, ... An are supposed to have all the same sign, and write 


aè (e-o}=u, at(e—o)'= (mnt) ato = (=), 


it seems not unlikely that the interval between the greatest and least of the 
roots of the above equations will be a minimum when the interval between 
any pair is the same for each pair, that is, when 


WE ae 1 
a A E 
a, A, As An 


If we assume these equations, and write 4, = £, the equation for determining 
é will be 
[a &, Mé, aÉ eee ané] = 0. 


If n= 2 this equation becomes a,a,&—1 = 0. 
If n= 3, rejecting the factor £, it becomes 
Mda? — (a, + ds) = 0. 
If n= 4 it becomes . 
Ay Any, E* — (A, dy + 4, + a0) +1 =0. 
If n=5, rejecting the factor £, it becomes 


Ay Ay Ay ys E* — (A, gy + Ay Ags + A, Ags + AgQydy) E + (a, + A; + As) = 0, 


* It follows from this, that if q,, q2... qn be all linear functions of x, and if $ 


omara far- (m2) p- (eE) (0-9) 


no root of Q can lie between the extreme roots of the function K, used to denote the cumulant 


Wg -Na NiS ee » =J/4,7); 
the square roots being understood to be taken so as to make the sign of the coefficients of x 
all of them positive ; and from a preceding article we know that either extreme root of Q can 
be made to coincide with a corresponding extreme root of K. Hence we have an à priori 
solution of the following question, namely, “To determine the (n-1) positive quantities 
fy) Mg++» Hy» 80 a8 to make the greatest root of Q a minimum and its least root a maximum ; ” 
for the greatest root of K will be the minimum greatest root of Q, and the least root of K the 
maximum least root of Q. Calling these respectively l and \, the two systems of values of 
Has Ha... Hn- required will be obtained by substituting respectively / and ) for z in the equations 


1 ae 
Menih ma -Nit Foam TNE — voor Ra Hel Sea os 
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and so in general, the equation in & being always of a degree measured by 
the integer nearest to and not exceeding a and it is easy to be seen that 


for all values of n, the second coefficient divided by the first will be an 
inferior limit to & (of course actually coinciding with it for the cases of 
n=2 and n=3). Hence we have the following valuable practical rule 
for finding a superior and inferior limit to the cumulant 


[a (s — C), Q (a — C2) +++ An (x TE Cn)], 


where a, Q,... an have the same sign, namely if C be the greatest, and 
K be the least of the quantities c1, Ca... Cn, C+ will be a superior, and 
K — A an inferior limit, A being taken equal to the positive value of 


i Re eee ante Mn 
Qis Aids As == = = Ay yn? 


and it may be noticed that C and K are the quantities which would them- 
selves be the superior and inferior limits to the given cumulant if the series 
of terms a, a... An, instead of presenting only a sequence of continuations 
or permanencies, presented only a sequence of changes or variations of sign. 


Section V. 


On the Theory of Intercalations as applicable to two functions of the same 
degree, and on the formal properties of the Bezoutiant with reference to 
the method of Invariants. 


Art. 56. If fv and ġe be any two given functions of x of the same degree 
m, we may form a system of m Bezoutics to f and ¢ (as shown in the first 
section), the coefficients of the powers of #”—, a... a, æ in which will 
compose a square matrix of m lines of m terms each, which will be symmetrical 
in respect to the diagonal which passes through the first coefficient of the 
first Bezoutic and the last coefficient of the last Bezoutic; and we may 
construct a quadratic homogeneous function of m new variables, such that its 
determinantive matrix shall coincide with the Bezoutic square so formed. 
This quadratic form may be considered in the light of a generating function. 
All its coefficients will be formed of quantities obtained by taking any two 
coefficients in one of the given functions, and two corresponding coefficients 
in the other given function, multiplying them in cross order, and taking 
the difference: each coefficient of the generating function in question will 
consist of one or more such differences, and will thus be of two dimensions 
altogether, being linear in respect to the coefficients of f, and also linear 


in respect to the coefficients of ¢ This generating function I term the 
8. 35 
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Bezoutiant, and it may be denoted by the symbol B (f, $): the determinant 
of B is of course the resultant to f, $, and the matrix to B is the Bezoutic 
square to f, ¢. Now we have seen that the decrease in the number of 
continuations of sign in the series 1, B, (x), B, (x)... Bm (x) (where B, (e), 
B,(a)... Bm (x) are the m Bezoutics to f, $), as w changes from a to b, 
measures the number of roots of fx retained in the effective scale of inter- 
calations taken between the limits æ and b. If we take the entire scale 
between +œ and — œ the total number of effective intercalations will be 
the same, whether reckoned by the number of roots of f or of ¢ remaining ; 
for these two numbers can never differ except by a unit, since no two of either 
can ever come together; but the number of each remaining in the effective 
scale will be m — 2i and m — 2ř respectively, i being the number of pairs 
of imaginary roots and pairs of unseparated real roots of f, and 7’ being the 
similar number for ¢; so that we must have 7 = t’. 


Now obviously this number becomes measured by the number of con- 
tinuations of signin the signaletic series 1, (B,), (B2) ... (Bm), where in general 
(B;) denotes the principal coefficient in B; (æ). 


But (B,), (B)... (Bm) are the successive ascending coaxal minor deter- 
minants about the axis of symmetry to the Bezoutic square ; and accordingly 
the number of continuations just spoken of, measures the number of positive 
terms in the Bezoutiant when linearly transformed, so as to contain only 
positive and negative squares, or in other words, measures the inertia of the 
Bezoutiant, the constant integer which adheres to it under all its real linear 
transformations. 


Art.57. This inertia is the same number as, in the case of a homogeneous 
quadratic function of three variables used to express a conic referred to 
trilinear coordinates, serves to determine whether such conic belongs to the 
impossible class or to the possible class of conics, being 3 or 0 in the former 
case, and 1 or 2 in the latter; or as in the case of a homogeneous quadratic 
function of four variables used to denote a surface referred to quadriplanar 
or tetrahedral coordinates, serves to determine whether such surface belongs 
to the impossible class or to the class consisting of the ellipsoid and the hyper- 
boloid of two sheets (which are descriptively indistinguishable), or to the 
hyperboloid of one sheet, being O or 4 in the first case, 1 or 3 in the second, 
and 2 in the third. The most symmetrical (but least expeditious) method 
of finding the inertia of any quadratic form is that which corresponds to the 
method of orthogonal transformations, and is, in fact, the usual method 
employed in geometrical treatises on lines and surfaces of the second degree. 
If we apply this method to the Bezoutiant B considered as a homogeneous 
quadratic function of the m arbitrarily named variables t, Ua, Ug... Um 
in order to measure its inertia, that is to say, the number of effective 
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interpositions between the two systems of roots, we must construct the 
determinant 


ŒB gy d?B dB dB 
du? ° dudu,  duidus ` dthdum 
dB d?B H dB dB 
du.du,’ du2 ° dudius,  dusdüm 
ie pal Bec ARE OPEL KIAS ie ak a 
2B dB dB dB 


dumdu,? Andis? Atm dus Ay? 


All the roots of D (X)=0, as is well known, are real; the inertia of B, being 
measured by the number of positive roots of D(— 2), will be equal to the 
number of continuations of sign in D(A) expressed as a function of à of the 
mth degree. 


If in fw and ¢a we reverse the order of the coefficients, and fx and ġe 
so transformed become fix and ¢,2, it is obvious that the roots of f, and 
¢, being the reciprocals of the roots of f and ¢ respectively, the number 
of effective intercalations to jfi and ¢, must be the same as for f and ¢. 
Accordingly we find that the form of the Bezoutiant to f and ¢ is the same 
as that of the Bezoutiant of f, and q,, the sole difference (one only of names) 
being that B (u1, ws... Uma, Um) for the one becomes B (um, Um +++ Uz, Uh) 
for the other. The equation D(A), which determines the inertia of B, 
remains precisely the same, as it ought to do, for either of the two systems 


fand ¢ or fı and ¢). 


Art. 58. The theory in the preceding articles of this section may be 
made to embrace the case involved in Sturm’s theorem ; for if 


Si = Ay t™ + 0 $00. + Am aU + no, 


J'a =m + (m= 1) aa" +... + Om, 


fie =mfa — f'x 


= a,2"— + Qa.av”"? +... + Mon, 


and 


the Bezoutian secondaries, or which is the same thing, the simplified Sturmian 
residues to fv and f'w, will evidently be the same as those to fw and f’a. 
Accordingly, if we form the signaletic series 


Sie; f'@, By, Beis Baas 


where B,, B... Bm are the Bezoutian secondaries to fw and f’a, the 


number of variations of sign between consecutive terms in this series, when 
35—2 


www.rcin.org.pl 


548 On a Theory of the Syzygetic Relations [57 


æ is made + 0, will measure the number of pairs of imaginary roots in fx; 
and fx and f'e forming always a continuation, and the highest coefficient of 
j’« being supposed positive, we see that the terms of the rhizoristic series 
will be 1, (B,), (B.)... (Bn), consisting of positive unity and the successive 
ascending coaxal determinants of the Bezoutian matrix to f'e and fw. Hence 
then the form of the Bezoutiant to f’* and fiw will serve to determine the 
number of pairs of imaginary, and consequently also the number of real 
roots to fx. It should be remarked that the form of the Bezoutiant to /’« 
and fa, considered as a quadratic function of wm, Us... Um- and of the 
cvefficients in fx, will remain unaltered when for fx we write fz, for this 
will change the signs throughout of fx and fix; and consequently the 
coefficients in the Bezoutiant, which contains in every term one coefficient 
from f’x, and one from fæ, will remain unaltered in sign. , 


Art. 59. It appears then from the preceding article, that for every 
function of æ of the degree m, there exists a homogeneous quadratic function 
of (m — 1) variables, the inertia of which augmented by unity will represent 
the number of real roots in the given function. Now this inertia itself 
may be measured by the number of positive roots of a certain equation 
in À formed from the quadratic function (in fact the well-known equation 
for the secular inequalities of the planets), all whose roots will be real. 
Hence then we are led to the following remarkable statement. “An alge- 
braical equation of any degree being given, an equation whose degree is one unit 
lower may be formed, all the roots of which shall be real, and of which the 
number of positive roots shall be one less than the total number of real roots 
of the given equation.” 


Let us suppose fæ written in its most general form, the first and last as 
well as all the intermediate coefficients being anything whatever: by reversing 
the order of the coefficients f’« will become fiw and fz will become f’x; the 
Bezoutiant to fæ and f’« (which we may term the Bezoutoid to fz) will remain 
unaltered except in sign, and the equation of the (m — 1)th degree in X formed 
from the Bezoutoid remain unchanged ; consequently the equation in A enables 
us to substitute, for the purpose of calculating the total number of real roots 
in fz, in lieu of Sturm’s auxiliary functions to fz, another set of functions 
which remain unaltered when the order of the coefficients is completely 
reversed, that is in effect, when we consider the number of real roots of 


F; (=) in lieu of those of f(#). And of course more generally the equation 


of the mth degree in à formed from the Bezoutiant to any two functions 
fe and da of the mth degree each in æ, supplies a set of functions for 
determining the total number of effective intercalations between the roots 
of fe and æ, which do not alter when we consider in lieu of these the 
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roots of f G) and $ (=) . This substitution of functions symmetrically formed 


in respect to the two ends of an equation for the purpose of assigning the 
total number of real’ roots in lieu of the unsymmetrical ones furnished 
by the ordinary method of M. Sturm, had been long felt by me to be a 
desideratum, and as an object the accomplishment of which was indispensable 
to the ulterior development of the theory, and it is certain that I did not 
in anticipation exaggerate the importance of the result to be attained. 


Art. 60. It may happen that the Bezoutiant to f and ¢ (each of the 
mth degree) may become a quadratic function of less than m independent 
variables, or the Bezoutoid to f (a function in æ of the mth degree) of less 
than (m — 1) independent variables. This will take place whenever f and } 
have roots in common, or whenever f has equal roots. The number of 
independent relations of equality between the roots of f and ¢, and the 
amount of multiplicity, however distributed, among the roots of f, will 
be indicated by the number of orders thus disappearing out of the general 
form of the Bezoutiant and Bezoutoid in the respective cases*. In what 
particular mode the form of each would be affected according to the manner 
of the distribution of the equalities and the multiplicity requires a specific 
discussion, which I must reserve for some future occasion. 


Art. 61. I shall devote the remainder of this memoir to a consideration 
of the properties and affinities of Bezoutiants or Bezoutoids, regarded from 
the point of view of the Calculus of Invariants. For this purpose it will be 
more convenient hereafter to convert all the functions which we are concerned 
with into homogeneous forms, and I shall accordingly for the future use 
f and ¢ to denote functions each of # and y, which I shall write under 
the form 


f=" + maa" y + 4m (m— 1) aga” y? +... + Amy”, 
gb = bya” + mba" y + 4m (m — 1) bay? +... + bmy™. 


In what follows a knowledge of the general principles of the Method of 
Invariants is presupposed, but a perusal of my two papers on the Calculus 
of Forms*t in the Cambridge and Dublin Mathematical Journal, February and 
May, 1852, will furnish nearly all the information that is strictly necessary 
for the present purpose. The first point to be established is, that B, the 


* I have elsewhere defined how this word order, as here employed, is to be understood. 
If F, a homogeneous function of «,, a... Sa, can be expressed as a function of t4, Uy... Un-i 
(all linear functions of £), x, ... Xa), F is said to be a function of n — i orders, or to have lost i of 
the orders belonging to the complete form. 

[t See pp. 284, 328, 411 above.) 
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Bezoutiant of fx and ¢a, is a Covariant to the system f, $; the variables 
in B being in compound relation of cogredience with the combinations of 
powers of a and y, 

gmt, amy, ams y? sie ML ` 


That is to say, I propose to show that if f, g, h, k be any four quantities, 
taken for greater simplicity subject to the relation fk— gh= 1, and if on 
substituting fx + gy for æ and hæ + ky for y, f (æ, y) becomes 


A,a™ + mA,a"—~y + 4m (m — 1) Aa” y? + Amy”, say G (a, y), 
and ¢ (x, y) becomes 
Ba” + mB a" y + 4m (m — 1) Baam y + By y”, say T (a, y), 


and if B’ (w, us’... Um’) be the Bezoutiant to G and T, B(w, us... Um) being 
that to f and ¢, then, on making w, Us... Um, the same linear functions of 
ts! j thy sic. te OS 


(fe+gyy", (fa + gyyn (ha + ky)... (fe + gy) (ha + kyy, (ha + kyy", 
are respectively of 


patties amt pb > gated YNG 


B will become identical with B’. I was led to suspect the high probability 
of the truth of this proposition concerning the invariance of the Bezoutiant 
from the following considerations: Firstly, that for the particular case 
where f and ¢ are the differential derivatives in respect to æ and y re- 
spectively of the same function F(a, y), the Bezoutiant of f and ¢, which 
then becomes the Bezoutoid of F, determines the number of real factors 
in F, which obviously remains the same for all linear transformations of F., 
Secondly, that taking f and ¢ in their most general form, the invariant to 
their Bezoutiant, that is the determinant of their Bezoutiant, is an invariant 
of f and ¢, being in fact the resultant of these two functions; now as every | 
concomitant (an invariantive form of the most general kind) to a con¢omitant 
is itself a concomitant to the primitive, so it appeared to me, and is I believe 
true (although awaiting strict proof), that any form satisfying certain 
necessary and tolerably obvious conditions of homogeneity and isobarism, 
a concomitant to which is also a concomitant to a given form, will be itself 
a concomitant to such form; this principle, if admitted, would be of course 
at once conclusive as to the Bezoutiant being an invariantive concomitant 
to the functions from which it is derived. 


Art. 61*. Since the publication of the two papers above referred to on 
the Calculus of Forms, I have made the important observation that every 
species of concomitant, however complex, to a given system of functions, 
may be treated as a simple invariant of a system including the given system 
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together with an appropriate superadded system of absolute functions; thus 
an ordinary covariant involving only one system of variables, as u, v, w... 
cogredient with a, y, z... the variables of a system S, is in fact an invariant 
of the system S combined with the system uy — va, vz — wy, wx — uz, &c., 
u, v, wW... being treated as constants ;-so again a simple contravariant of S 
is an invariant of S combined with the form us + vy+wz+ &c.; so again, 
to meet the case before us, a covariant to the binary system f and ¢ expressed 
as a function of i, Uz... Um, Where U, Us... Um are cogredient with a”, 
amy ...y™, may be regarded as an invariant of the ternary system 
J, ġ, Q, where 


Q = my" — muy" a + 4m (m — 1) ugy™ Fa? ... + (1) Umen, 


(uri, Us... Um being here to be treated as constants); and accordingly the 
differential equations which serve to define in the most general and absolute 
manner such covariant of f, ¢, or invariant to f, ¢, Q, say J, will take 
the form 


d d d d d d 
(a sge thg) +2 (age +h) +3 (a7 +b. ap) t 
d d 
+m (dna go- + bm- =) f=, 
d a aa d 
sas (u E diia sor PH a n oe +$(m—1) Um- i) 
d d 3 do d 
(<n Tg, Tm wally p (nm daa T ih A 


d d d d 
+ 3 (an. dama nig Saitou rE +.. +M (a da b, I) I=0. 


d a d d 
— (im a + gene w ea TRE pyk  +(m— 1) ta Ta ) 


These equations may be tia to be satisfied when J is taken = B, the 
Bezoutiant to f, ġ, and thus B may be proved to be a covariant to f, ¢, 
but the demonstration is long and tedious. An admirable suggestion, well 
worthy of its keen-witted author, for which I am indebted to Mr Cayley, 
will enable us to prove the invariantive character of B by a much more 
expeditious method, 


Art. 62. For greater simplicity begin with considering functions of 
a single variable æ; and in order to fix the ideas, suppose m to be taken 


5, and write 
Fe = aa + bat + ca + da + ex + l, 


px = ax + Bat + ya + òr + es +, 


and let X Re a id a ; this is of course an integral function of œ and a’, 
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since the numerator vanishes when 2 =~"; and we have by performing the 


actual operations, 


3 =(a8 — ba) at wt + (ay + ca) a? a” (æ + æ) + (aò — da) a? g” (a? + war! + a”) 
+ (ae— ea) wa’ (a? + aa’ + wa’? + a”) + (ad — la) (at + aa’ + av? + wv’? + 24) 
+ (by — cB) ax? + (bò — dB) ax? (x +a) + (be — eB) wa’ (a? + ax + A 
+ (br — 1B) (a? + va! + xa"? + a”) 
+ (cd — dy) xa"? + (ce — ey) aa’ (æ + x’) + (0 — ly) (a? + war’ + a”) 
+ (de — eò) ax’ + (dX — 18) (£ + a’) 


+ (er — le); 


and if we arrange X under the form 
Aj, ata! + Ay, ata’s + A, ata? + Ay, ata! + Ayo at 
+ A; ,a°'* + A; ,a°v'? + A, ax? + A; ae’ + A; a 
+ A, Pa + A, aa’? + A, aa? + A, wa’ + Ad. a 
+A ga" + A,,00° + Aiea? +A, 70 +A, @ 


+ Ay, 24 


+ A, 32° 


+A,.a +A,i2 + Ago 


it will readily be perceived that the matrix formed by the twenty-five 


coefficients, namely 
A, 43 


Ass, 
Ags, 
As; 
Ao, 


will be symmetrical about 


Aa a vietae” Nee 
F URE CRUS i 
r TE EE SE A 
A. ATA A, 
Soh lace Mase Wie, 


its dexter diagonal (that one, namely, which 


passes through A,, and Aso) and will be identical with the Bezoutian 
square corresponding to the system f, ġ; in fact, using the notation 
previously employed in the first section, it becomes 


(0, 1) (0, 2) (0, 3) (0,4) (0, 5) 
©, 3) (4) f0 5) 

wa {aot a r 9 
(1, 2) a 9 a, 4) 
(0, j H 4 e: 5)) 

(0, 3) Se (1, 4)}. POAT 2, 5) (a) 
la, 3) + | (2, 3)] 

, 3) 

e p (a, | (* 5)) 

(0, 4) | oo -+ Í (3, 5) 
(1, 4) (2, 3) (3, 4) 

(0, 5) (1, 5) (2, 5) (3, 5) (4, 5), 
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(r, s) being used in general to denote the difference between the cross 
products of the coefficients of a” and a°-* in f and ¢. Restoring now to 
m its general value, and taking f and ¢ homogeneous functions of æ and y, 


and making 
g 1 Np, yY- E, y) A (e, y) 
æy W xy ? 
we see without difficulty that 
5=> 7 Ea eal pte ted 
where A,, is the term in the rth line and sth column of the Bezoutiant 
matrix to fand ¢. This is the identification, the idea of which, as before 
observed, is due to Mr Cayley. 
Art. 63. If, now, we consider the system of functions 
f(e Y) = Uy ™ + Ma, a™ y +... F amy”, 
h (x, Y) = boa" + mb, a™1y +... +0my™, 
Q (x, Y) = Umy™ — (m — 1) uma Y x $+ (amn, 


evidently f(a, y) ¢ (a’, y) -f (2, y) $ (x, y) is a covariant with f and ¢, and 
therefore (which is a mere truism) with the entire system f, ġ, Q. So also 
is zy’ —a’y, and therefore X, the quotient of these two, is a covariant to the 
system. Hence, therefore, by virtue of a general theorem given in my 
Calculus of Forms, 

o(s T) 


dy? da 
is a covariant to the system; and, again, therefore, 
d d d d 
o(p ~ ae) (a ~ ae)? 
is a covariant thereto. Now $ is of (m—1) dimensions in «v, y and also of 
the same in 2’, y. Consequently this latter form will contain only the 


quantities w, Us... Um, and the coefficients of f and ¢, so that the powers 
of æ, y; a’, y’ will not appear in it. 


0 0 
Now > = 5 > oe { of yer g yt} 


m-1 m-1 


(PQ (= ,- o) = Um T +(m—1) Uma (i) 5 +... 


coe PY (x) 


tei d d x d \7- d \m—2 d 
(—) cle — 7) = tm (a2) + (m — 1) Um a2) dy T 


Ea ( d ye 
eee eS ’ 
dy 
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iA d d d d 
therefore FETT eT OH) (ay apg -5.\% 


0 0 Q 
= 2 (Ay, aW) + 2 2 2 (ArsUry Us), 


r and s being excluded in the latter sum from being made equal; but this 
latter expression is the Bezoutiant to f, ġ. Hence the Bezoutiant of f, p 
is an invariant to f, $, Q, that is a covariant to the system f, ¢, as was to be 
proved. The mode of obtaining the covariant X, used in this and the pre- 
ceding article, is very remarkable. I believe that the true suggestive view 
of the process for finding it, is to consider 


fle, Yb, y) -S E, y) o, y) 
as a concomitant capable of being expressed under the form of a function 
of S and w, œw standing for the universal covariant xy’ — a’y ; 3 is then to be 
considered, not properly as a quotient, but rather as an invariant of the form 
Yo, a function of w of the first degree, where X is treated as constant. 


Art. 64. B is not an ordinary covariant of f and ¢, it belongs to that 
special and most important family of invariants to a system to which I have 
given the name of Combinants*, namely. Invariants, which, besides the 
ordinary character of invariance when linear substitutions are impressed 
upon the variables, possess the same character of invariance when linear 
substitutions are impressed upon the functions themselves containing the 
variables ; combinants being, as it were, invariants to a system of functions 
in their corporate combined capacity qud system. That the Bezoutiant 
possesses this property is evident ; for if instead of f and ġ we write kf + id 
and k’f +i’, any such quantity as a,b, — a,b, (ar, b, being coefficients in f, 
and as, bs the corresponding ones in ¢) becomes 

(ka, + ibp) (k'as + Ub) — (kas + ibs) (k'a, +ib), 
that is (kt — k'i) (a,b, — agb,), 


so that B, the Bezoutiant, becomes increased in the ratio of (ki’— ki)", 
that is remains always unaltered in point of form and absolutely immutable, 
provided that kř — k'i be taken, as we may always suppose to be the case, 
equal to 1. 


* 


We derive immediately from this observation, the somewhat remarkable 
geometrical proposition, that the intersections with the axis of æ made by 
any two curves of the family of curves u= Af (æ)+ pẹ (æ), (f and ¢ being 
functions of æ of the same degree) give rise to a constant number of effective 
intercalations, whatever values be given to A or mw for the two curves so 
selected. 


* For some remarks on the Classification of Combinants, see Cambridge and Dublin 
Mathematical Journal, November, 1853 [p. 411 above]. 
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Art. 65. B(u, u... Um) being a covariant of the system f and ¢, and 
Uy, Uz... Um COgredient with a2”, am—y ...y™1, it follows from a general 
principle in the theory of invariants, that on making w, Us... Um respectively 
equal to the quantities with which they are cogredient, B will become 
an ordinary covariant to f and ¢. By this transformation B becomes a 
function of æ and y of the degree 2 (m — 1) in v and y conjointly, and linear 
in respect to the coefficients of f, and also in respect to those of ¢. The 
only covariant capable of answering this description is what I am in the 
habit of calling the Jacobian (after the name of the late but ever-illustrious 
Jacobi), a term capable of application to any number of homogeneous 
functions of as many variables. In the case before us, where we have two 
functions of two variables, the Jacobian 


df dọ 
dex | df dọ df dọ 
TOA) ap ag |7 da dy dy de’ 
dy’ dy| 


We have then the interesting proposition*, that the Bezoutiant to two 
functions, when the variables in the former are replaced by the combinations 
of the variables in the latter, with which they are cogredient, becomes the 
Jacobiant. So in the case of a single function F of the degree m, the 
dF dF : i 
Bezoutoid, that is the Bezoutiant to —— ie ae on making the (m — 1) variables 


which it contains identical with w”*, ay... y™~ respectively, becomes 


identical with the Jacobian to a T that is the Hessian of F, namely 


dæ 
F &F 
dæ?’ dady 
F @F| 
dady’ dy? 


As an example of this property of the Bezoutiant, suppose 
faa + bay + cay’ + dy’, 
h = aa + Bary + yay? + dy. 

The Bezoutiant matrix becomes 


aB—ba, ay—ca, ad—da, 


ad — da 
= Ca, (a ’ by $ cB, 
call c8 


aò — da, — cB, cò — dy. 


* I have subsequently found that this proposition is contained under another mode of 
statement, at the end of Section 2 of the memoir of Jacobi, “De Eliminatione,” above referred to. 
+ For a strict proof of this proposition see Supplement to Third Section of this memoir. 
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The Bezoutiant accordingly will be the quadratic function 
(aß — bx) u? + {(ad — da) + (by — c8)} u? + (cd — dy) us 
+ 2 (ay — ca) Uru + 2 (ad — da) usw, + 2 (by — cB) uzus, 
which on making 
U=, UW =TY, U=yY’, 
becomes 
Lat + Maty + Naty? + Pey’ + Qy', (8) 

where L, M, N, P, Q respectively will be the sum of the terms lying in the 
successive bands drawn parallel to the sinister diagonal of the Bezoutiant 
matrix, that is 

L =aB — ba, 

M=2 (ary — ca), 

N =3 (aò — da) + (by — cf), 

P =2(by-c8), 

Q = cò — dy. 
The biquadratic function in æ and y, (8), above written, will be found on 
computation to be identical in point of form with the Jacobian to f, ¢, 
namely 
(Baa? + 2bæy + cy’) (Ba? + 2yay + 38y?) — (Baa? + 2ay + yy") (ba + 2cay + dy’), 
this latter being in fact 

3Lat + 3Ma*y + 3Na*y? + 38Pry + 3Qy*. 
The remark is not without some interest, that in fact the Bezoutiant, which 
is capable (as has been shown already) of being mechanically constructed, 
gives the best and readiest means of calculating the Jacobian ; for in summing 
the sinister bands transverse to the axis of symmetry the only numerical 
operation to be performed is that of addition of positive integers, whereas 
the direct method involves the necessity of numerical subtractions as well 
as additions, inasmuch as the same terms will be repeated with different 
signs. Thus if 
J= an? + baty + cary? + day’? + esyt + ly’, 
h = as" + Baty + yay + da*y® + ewy + ry’, 

using (7, 8) in the ordinary sense that has been considered throughout, we 
obtain by taking the sum of the sinister bands in (a)* for the value of B 
when we write a, ay, æy’, vy’, y* in place of W, Ua, Us, Us, Us, 


(0, 1)a*+2(0, 2)a’y +{3(0, 3)+(1, 2)} ay? + {4(0, 4)+2(1, 3)} aby? 
+{5(0, 5) +3(1, 4)+ (2, 3)} oy + [4(1, 5)+2 (2, 4)} ay’ 
+ {3(2, 5)+(3, 4)} ay +2 (3, 5)æy + (4, 5) y’. 
* Vide Art. 62 [p. 552 above]. 
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The direct process requires the calculation of 
(5aa* + 4baty + Bca%y? + 2day® + ey") (Bat + 2ya*y + 3day? + 4esy? + Sry?) 
— (Saat + 48a%y + 3dyx*y? + 2axy? + ey*) (bat + 2ca*y + 3day? + 4exy® + 5ly4), 


each coefficient of which will contain the numerical factor 5; so that to 
reduce the Jacobian to its simplest form each coefficient will necessitate 
the employment of additions, subtractions, and a division, instead of additions 
merely, as when the Bezoutic square is employed. For instance, to find the 
coefficient of ay from the above expression (a) we have to calculate 


4125 (0, 5)+16 (1, 4)+9(2, 3) 4+ 4(3, 2)+ (4, D}, 
that is 

4{25 (0, 5)+ (16-1) (1, 4) + (9-— 4) (2, 3), 
which is 5 (0, 5) + 3 (1, 4) + (2, 3), agreeing with what has been found above 
for the value of such coefficient, by a simple process of counting. The same 
remark will, of course, also apply to the computation of the Hessian of F 
by means of its Bezoutoid. - 


Art. 66. This relation between the Bezoutiant and the Jacobian led me 
to inquire whether, as would at first sight appear probable, the Bezoutiant 
were the only lineo-linear quadratic function of m variables covariantive 
to f and ¢ (the word lineo-linear being used to denote the form of coefficients, 
such as those in the Bezoutiant, linear in respect of the coefficients in f 
and the coefficients of ¢). If so, then there would have existed a method 
of performing the inverse process of recovering the Bezoutiant from the 
Jacobian, almost as simple as that of deriving the Jacobian from the 
Bezoutiant. On investigating the matter, however, I found that such is 
by no means the case*, but that there exists a whole family of independent 


* This might have been concluded immediately from the following observation. Let J, 
the Jacobian of f and ø, be expressed under the form 
Ayu? + (2m — 2) A, 2?” —ly + 4 (2m — 2) (2m—3) A,x?™ Py? +... + Aom—oy?™*, 
then we know [p. 282 above] from the Calculus of Forms, that, D being taken to represent the 
persymmetrical Determinant 


deine aaan e T 
A,, Ag, Ag, , A 
iy > alr Pea at ey 
Se, pigs Se al ent deg. Mens 


D=0 is the condition to be satisfied in order that J may be representable under the form of the 
sum of powers of (m-1) linear functions of x and y, and D itself is an invariant to J, and 
consequently an invariant and (as is obvious from its form) a combinantive invariant to f and ¢. 
Moreover, which is more immediately to the point, we know that the quadratic form Q 


—1)(m-2 
Au? +24, {u, (m—1) ug} + Ag fiim- 1) a} 2u (O ') us + &C. + Aom—o Ug? , 
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lineo-linear quadratic covariants of m variables to every two homogeneous 
functions of æ and y of the mth degree. I have, moreover, I believe, 
succeeded in determining the number of such lineo-linear quadratic forms 
for any value of m, of which all the rest, in whatever manner obtained, 
may be expressed as linear functions, the coefficients of the linear relations 
moreover being abstract numbers; in other words, I have succeeded in 
forming the fundamental or constituent scale of lineo-linear quadratic forms 
of m variables covariantive to f and ¢; a result of too great interest, 
as exhibiting the affinities of the Bezoutiant to its cognate forms, to be 
altogether passed over in silence. Supposing the number of linearly inde- 
pendent forms of the kind to be v, then speaking à priori any of the forms 
taken at random might seem to be equally eligible to form one of the v 
included in the fundamental scale, combined with any (v—1) others inde- 
pendent inter se, and of which the selected one is also independent. In fact, 
however, this is not so; for it will always be more satisfactory to contemplate 
the fundamental scale of forms as generated successively or simultaneously 
by a uniform process; and in the case before us, the process which I have 
hit upon, and which I believe is the simplest that can be employed for 
generating the fundamental scale, will be found not to include directly the 
Bezoutiant among the number. There will thus arise two subjects of 
inquiry; firstly, the mode of forming the fundamental scale, and proving 
its fundamental character; secondly, determining the numerical relations 


will be an invariant to f, p and Q (this last quantity Q being defined as in p. [551)), and a com- 
binantive covariant to f and ¢ in the same sense precisely as the Bezoutiant is a covariant 
to the same, and like the Bezoutiant is lineo-linear in respect of the coefficients of f and ¢. 
If we operate with the symbol E, where E represents 
n? It 2v3 ia, + (v + 20, V3) a, HEC +0," a,’ 

upon K any invariant of f and ¢, we shall obtain EK, a quadratic function of v,, Vg... Ums 
which by the rules of the Calculus of Forms we know will be a contravariant to f and ¢, 
and the matrix corresponding to which must evidently be persymmetrical. It is an interesting 
subject of inquiry, which I reserve for some future occasion, to determine the Co-beZoutiant, 
the Discriminant of which must be employed for K, so that when this discriminant is operated 
upon by E, the matrix corresponding to EK may become identical (term for term) with the 
matrix which is the inverse to the Bezoutiant matrix, which inverse, as Jacobi has so simply 
and beautifully demonstrated, possesses this persymmetrical character. Vide the ‘‘ De Elimina- 
tione,” Section 5. The investigation of the arithmetical connexion between the Q of this note 
and the fundamental Co-bezoutiants must be also similarly reserved. I believe it to be generally 
true, and have verified the fact for the case of two cubic functions, that EQ gives a quadratic 
form such that the corresponding matrix is the inverse to the matrix of Q. The calculations 
necessary for extending the verification of this remarkable proposition for functions of x, y 
exceeding the third degree (notwithstanding that they are much abbreviated by the application 
of the rules of the calculus) still remain excessively laborious. The abbreviation alluded to 
consists in confining the verification in question to the comparison of either one of the two 
unreiterated terms at opposite corners of the matrix to EQ with the corresponding term in the 
inverse matrix of Q; if these coincide, it is easy to prove that every other pair of corresponding 
terms in the two matrices must also coincide respectively with one another. 
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which connect that very important form, perhaps of all its kind the most 
important, with the forms comprised in the fundamental or constituent scale. 
These questions I propose to consider more fully at a future period. For the 
present I shall content myself with giving a method of forming the constituent 
scale (without, however, seeking the proof of all the forms estra to such 
assumed scale being linear functions of those comprised within it), and 
with determining the numerical relations between the forms in this scale 
and the Bezoutiant for a limited number of values of m. All the forms 
which we are seeking, besides being lineo-linear quadratics, must also be 
combinantive invariants to f and ¢, remaining (as forms) unaltered for any 
linear substitutions impressed either upon the variables or upon the functions 
containing the variables. 


Art. 67. I must here premise that if there be any two forms of the 
same degree (and that degree odd) in # and y, a combinant may be formed 
from them, which will be linear in respect to each set of coefficients*. Thus 
calling the two functions 


Apart! + (2n +1) aay + $ (2n + 1) 2na,a ty? + 0. + deny 
aant + (2n +1) aay +4 (2n +1) Wnaa ty? +... + Gong y, 
the lineo-linear combinant in question will be 
T = Ay Gons, — (2N +1) tiaan +4 (2n +1) 2N Ay Aon, 


p BRD Cn) BRA rt, 


which, using our customary notation, will be of the form 


(0, 2n +1)— (2n +1)(1, gr Ey 2n — 1) + &e. 
+- (2n +1)(2n) (2n — 1)... (n+ 2) RERE N 


Fe Bae! 


As a corollary to this proposition (which, as well as the proposition itself, 
will be needed for the purposes of the ensuing determination), taking any 
function of an even degree in a, y, F (æ, y), there will exist a combinant to 


A and T by virtue of what has been stated above, which will be 


* I may add here incidentally (although not wanted for our present purposes) that as a com- 
binant in which each set of coefficients enters linearly can always be formed to a system of 
functions two in number of as many variables and of any odd degree, so reciprocally can a com- 
binant in which each set of coefficients enters linearly be always formed to a system of functions 
each of the degree 2, of which and of the variables contained in them, the number is any odd 
integer [cf, p. 606 below]. 
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Mr Cayley’s well-known quadrinvariant to F; namely, if 


E= aa” + 2na,a""y + ... + deny™, 


this will be 
2n (2n — ak a + D) es 


2 i 
n( adi co Lad ae aan i glo? Ts: 


Ay Aon — 2NA, Aen + 


The proposition itself is easily proved; first, the expression 7’ being 
expressed entirely in terms of quantities of the form (r, s) remains unaltered 
for linear substitutions impressed upon the forms f and ¢$; it remains then 
only to show that 7’ satisfies the differential equations to T treated as a mere 
invariant, namely 


d d 
a J + 2a, Jr t 3m ee +(2n+ a FE 


d d d q ieee se 
fi Lac + ayes 1) a5 =—— 
+ a Pad + 2a, da, + 8% ae +... + (2n +1) Gn dag, 
and ? 3 
d 
5 ag en had 1 eek 
Omn a + Ben Gh ane + Ot LFP Sii 


d d d 
+ Gens Ja, t 2 j oF vont (Sat Diag 


From the hemihedral symmetry of T, which only changes its sign when the 
order of the coefficients in f and ¢ is simultaneously reversed, it is obvious 
that one of these equations cannot be satisfied without the other being so too. 
Looking then exclusively at the first of them, we see that this is satisfied by 
virtue of the equations 


d d 
pa ——}> T'=0, 
ay y- + (20 + 1) On gp — 
d F i nn 
d A 
SEP a 0. 
feen +) ang uber "3 9 


Hence then the differential equations to 7’ being satisfied proves that it is 
an invariant, and, as above observed, its form shows upon its face that it is 
a combinant. 


Precisely in the same way it may be demonstrated, that to two functions 
each of the same even degree 2m as 


2m (2m — 1) 
» 


aya™ + 2ma, ay + aga *y? + ... + Oamy™, 
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2m (2m — 1) 
2 


and a0?" + Qa, arly + 022? +. + Com y™, 


there will be a quantity 
2m (2m —1 
G = Ap Azm — 2MA, Aom- + Teed Azam + EC. — ZMA Aem—1 + Alom, 
which, although not a combinant, will satisfy the differential equations 
necessary to prove it to be an ordinary invariant to the two given functions. 


Art. 68. Now let us consider the three forms, f, @ and the subsidiary 
form Q, where 
J= aa + maa” y + o H Amy”, 
= bya™ + mba” y +... + bmy”, 
Q= my" — (m— 1) wy" a + &e. + (—)" uma", 
where th, Uz... Um are to be treated as constants. 


1 d dN 
Make Ezin f= m(m—1)... (m — 2i) ( dat” ay) 


1 d d 2+1 
R E A E i% 


i being any integer such that 2i +1 does not exceed m, and now consider 
Euf, Exi h as two functions of the degree 2t +1 in é, n (w and y being 
regarded as constants); and by virtue of the formula in the last article, 
form T;, the lineo-linear combinant of Ezp f and £y4,¢6; Ti will then be 
lineo-linear in respect to the coefficients in f and @, and of the degree 
2 {m — (2i + 1)} in respect to æ and y. Again, let 
1 d d\* 
EO = Samay ear (Fae t tay) O 
Ey treated as a function of & and 7 of the degree 2i will furnish a quadrin- 
variant Q; of the degree 2(m—1-— 2i) in respect of # and y, and quadratic 
in respect of the system th, us... Um. We have thus two forms, T; and Q;, 
each of the same even degree 2 {m — (2i + 1)} in respect of æ, y. Forming 
between these the lineo-linear invariant G;, G; will be a function lineo-linear 
in respect of the coefficients of f and ¢, and quadratic in respect of the 
system th, Ug... Um. Moreover, G; will (by the general principle of successive 
concomitance) be an invariant in respect to the system f, ¢, Q, and combi- 
nantive in respect to f and ¢. Thus then G; for all admissible values of 
i will belong to the family of forms to which the Bezoutiant is to be 
referred. 


It requires to be noticed, that when 7 is taken zero, so that T; and G; 


are of the degree 2 (m — 1), Exi for this case must be taken equal to *, which 


S. 36 
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evidently fulfils the required conditions of being of the degree 2 (m — 1) in 
(x, y), and quadratic in respect of the coefficients of Q. If, now, m be even, 
we may take for 2i + 1 successively all the odd numbers from 1 to (m — 1) 
inclusively, and there will be $m forms G;; when m is odd we may take 
for 2i + 1 successively all the odd numbers from 1 to m, and the number 
of forms of G; will be $ (m +1). It should be observed, that when m is odd 
and 2i+1=m, T; will become identical with the lineo-linear combinant 
to fand ġ, and Q; with the quadrinvariant to ©; and no power of æ or y will 
enter into either, so that Gm will become simply Zm X Qm. I am now able 
to enunciate the proposition, that Ge, Gi... Gm_)> when m is even, and 
2 


G,, G,... Gm-1, when m is odd, form the constituent scale of forms, of which 


2 

the Bezoutiant and all other lineo-linear quadratic functions of m variables, 
which are combinants of the system f, ¢, will be numerically-linear functions. 
I propose to term the members of this scale Co-bezoutiants. 


As regards the present memoir, I shall content myself with exhibiting 
a partial verification of this law as regards the connection of the Bezoutiant 
with the @ scale of Co-bezoutiants, and a complete determination of the 
numerical multipliers which express this connection for the cases comprised 
between m=2 and m=6 taken inclusively. It is impossible to predict 
for what ulterior purposes in the development of the Calculus of Invariants 
these numbers may or may not be required, and it seems to me desirable 
that a commencement of a table containing them should be made and placed 
on record. The remaining pages of this memoir will accordingly be devoted 
to the ascertainment of them. 


The theory of the Bezoutoid being included within that of the Bezoutiant, 
need not hereafter call for any special attention; I may merely notice that 
the Bezoutoid to a function of the degree m will be a numerico-linear\ 


function of 4(m—3) of the @’s if m be odd, and 4(m—4) of the @'s if m 
be even. 


It will be more convenient hereafter to denote the G’s as G,, Ga Gs 
respectively, in lieu of G,, Gi, Gz, &c., and to continue at the same time to 
give to the 7’s and Q’s the same subscripts as the corresponding G's. 


Art. 69. Firstly. Suppose m= 2, 
J = aa? + 2bay + cy’, 


$ =ar + 28axy + yy’, 
Q = Wy — ug. 
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Then 
E, f = (ax + by) & + (bæ + cy) n, 


Ep = (ax + By) E + (Ba + yy), 
T, = (ax + by) (Bæ + yy) — (bx + cy) (ax + By) 
= (aß — ba) a? + (ay — ca) xy + (by — cp) 4°, 
Q, = X = wy — usy + UPL’, 


and therefore 
G, = (aß — ba) u? + (ay — ca) trus + (by — cB) uè. 


Let us now form in the usual manner the Bezoutiant to f, p; this is the 
quadratic function which corresponds to the matrix 
(2aB —2ba), (ay — ca) 
(ay—ca),  (2by— w 
that is 
$ B =(aß — ba) m? + (ay — ca) mu + (by — c8) u? = G, or B= 264. 
Secondly. Suppose m = 3. 
Ff =a + Bbaty + 8cay? + dy’, 
o = aa? + 8Ba*y + 3yay? + dy’, 
Q = my? — uyt + wga’. 
We have then 
E, f = (aa? + 2bay + cy*) E + (ba? + 2cay + dy’) n, 
E,ġ = (aa? + 2Bay + yy?) E + (Bx? + 2yæy + ôy’) n, 
T, = (aa? + 2bæy + cy?) (Bæ + 2yxy + y’) — (baè + 2cay + dy?) (aa* + 2Bay + yy’) 
= (aß — ba) a+ 2 (ay — ca) ay + {3 (by — c) + (ad — da)} æy’ 
+ 2 (bè — dB) wy’ + (cò — dy) y, 

Q, = Œ = myt — dey uyta + (4u? + Unts) y2a? — dei uy? + ura. 
Supplying for facility of computation the reciprocals of the binomial 
coefficients to the index 4, namely 

1, —t, $» cn T 1, 
we obtain 
G, = (aß — ba) un? + 2 (ay — ca) usus + {2 (by — 08) + 3 (ad — day} u? 

+ {(by — cA) +4 (aò — da)} wus + 2 (bò — dB) usus + (cò — dry) us. 

It will here and henceforth be more useful to employ [r, s] to denote, not 


the difference of the cross products of the (7*+1)th and (s+1)th entire 


coefficients in f and ¢, but the difference of the cross products of these 
36—2 
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coefficients divided each by its appropriate binomial coefficient. We may 
then write 


G, =[0, 1] w? +2[0, 2] wu. +([1, 2] + 4 [0, 3]) wu, + (2[1, 2] + 3 [0, 3]) u 
+2[1, 3] us + [2, 3] vs" 
Again, l 
G, = (aò — da) — 3 (by — cß)} (uus — u?) = ([0, 3] — 3 [1, 2]) tuus 


— ([0, 3] — 3 [1, 2]) ur. 
Hence 


G, — $ Gs = [0, 1] w? + 2[0, 2] wu, + 2[1, 2] wu; + ([0, 3] + [1, 2]) u? 
+ 2 [1, 3] usus + [2, 3] u 
But, again, the Bezoutiant of f, @ corresponds to the matrix 


3[0, 1], 3 [0, 2], [0, 3], 
3(0,2],  [0,3]+9[1,2], 31, 3], 
[0, 3], Cis | eee oe 


Hence summing the sinister bands to form the coefficients, we have 
B=3[0, 1] u?+6[0, 2] wuu, + (3 [0, 3] +9 [1, 2]) u? + 6 [1, 3] usus 


+ [2, 3] ut = 3G, — Gs: 
Thirdly. Suppose m = 4, 


J = at + Shay + 6caty? + 4day’ + eyt, 
b= axt + 4 Bary + Cyaty? + 48xy + ey", 


OD = Hy — Buyo + Bu, ya* — Ua. 
Then i 


E, f = (aw + by) Ẹ + 3 (bæ + cy) En +3 (cx + dy) En? + (da + ey) n’, 
therefore a 
1,= (2 Geta) lig (ere (ve48) | 
"(= (aa + By) (da + ey)} m (Ba + yy) (cx + dy) 
=([0, 3] — 3 [1, 2]) a + ([0, 4] — 2 [1, 3]) zy + ([1, 4] -3 [2, 3)) y? 
and 
Qs = (thy — Uae) (usy — Ue) — (uy — wt) 
= (Uus — U,*) Y? — (tnu, — UsUs) ay + (Ugh — Us’) a. 
Hence supplying the binomial reciprocals 


1, Rii ly 
we have i 


G,=((0, 3] — 3 [1, 2]) (nu — uy?) + 4 ([0, 4] — 2 (1, 3]) (yey — usu) 
+({1, 4] — 3 [2, 3]) (usu, — u). 
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Again, 
T,= (aa* + 3bary + Beary? + dy’) (Ba? + Bya*y + ZLY? + ey’) 
— (aa? + 3B ay + 3yaxy? + dy*) (ba + 3ca*y + 3dæy? + ey’) 
=[0, 1] 2° +3 [0, 2] zy + (3[0, 3] + 6 [1, 2]) zty? + ([0, 4] + 8[1, 3)) ay 
+(3[1, 4] + 6 [2, 3]) ay + 3[2, 4] ay +[3, 4] y5, 


and 
Qı = 
= my? — bu uyw + (9u? + Gu, Us) yta — (2u,u, + 18u_u,) zy? 
+ (9u? + Gusu) YP at — Ous ty Ya + ugar. 
Hence, supplying the reciprocal binomial coefficients, 


ay —4, +75, — > ws; —}, i, 


we find 
G =[0, 1] w? +3 (0, 2] wu: + (4 [0, 3] +2 [1, 2]) (9.2 + 6u us) 
+ (to [0, 4] + io (1, 3]) (Urta + Duly Us) 
+ G [L 4]+2 [2 3)) (9u? + Guar) + 3 [2, 4] uatu + [3, 4] ue 
Now the Bezoutic square, taking account of the binomial factors in f and ¢, 
may be written under the form 
4 [0, 1], 6 [0, 2], 4 [0, 3], [0, 4], 


6 [0,4], peye p ae =a 4[1, 4] 


4 [0, 3), la ae sil ki TA oil siR 4) 
[0, 4], 4 [1, 4], 6 [2, 4], [3, 4]. 
Hence the Bezoutiant B becomes 
4 [0, 1] w? +12 [0, 2] uus + (4[0, 3] + 24[1, 2]) u? + 2 [0, 4] we 
+ (2[0, 4] + 32 [1, 3]) usus +8[1, 4] usu, + ([1, 4] + 24 [2, 3]) u? 
412 [2, 4] ust +[3, 4] we. 


And we ought to have B=cG,+eG,, to satisfy which equation we must 
manifestly have c= 4; to find e, compare the coefficients of u°, this gives 


4 [0, 3] + 24 [1, 2] = 3 [0, 3]+ 32 [1, 2]+e(3[1, 2]—[0, 3]); 
accordingly we ought to be able to satisfy the two equations 
386 —e=4, 124 3¢ = 24, 
each of which accordingly we find is satisfied by the equality e =4¢. 
Substituting in the equation for B above written, we thus obtain 
B= 4G, + 18 G;, 


which will be found to be identically true. 
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Art. 70. We may now see our way to a more concise mode of obtaining 
the numerical coefficients, by which they may in fact be computed and 
verified with comparatively little labour, connecting the Bezoutiant with the 
Co-bezoutiant forms of the constituent scale. It will not fail to have been 
remarked, that throughout the preceding determinations I have presumed 
the truth of the formula, which admits of an immediate verification, that for 
all values of m and w we have the identical equation 


(€ nd + i) joa + maam y+4m(m—1) coe” y+ mem sey"'+eny"} 


=m(m—1)...(m—- +1) frg + oL, éy + $o (w -— 1) Inf + + Lar, 


where 
= m—w-— l1 
Ly=ca e4 (m — w) aey + (m — w) 5 Ogio 298 + ob Om ai 
m—w-— l 
L,=¢,0"—° + (m— wea y+(m— o) 5 Cg O89? eo. F Omu" 
m—w— l1 


Lo=Cu t+ (M—@) Cup Y + (mM — w) mapa eE OTIRA a + my". 


Let us now proceed to determine by an abridged method the linear relations 
corresponding to the cases of m = 5, m = 6, and first for m = 5. 


Let i 
f= aa? + 5baty + 10caty? + 10da*y’ + Sexy + hy’, 
h = aa? + 5Baty + 10ya*y? + 1084y? + Sexy! + ny’, 
Q = wy! — 4ugye + Guy t? — 4ugyat + Usa. 
In forming Gs, Gs, G,, let us confine our attention to the terms w°, thus, UUW. 
A comparison of the coefficients of these with those in the Bezoutiant (B) 
will be sufficient for assigning the three numerical quantities which connect 
B with G, Gs, Gs. I omit wuz, because G, is the only one of the G’s for 


any value of m which contains u,? or thus, and in G, the terms containing 


u? and thu are 
(0, 1] u? + (m — 1) [0, 2] mw, 


and the corresponding part of the Bezoutiant is 
m [0, 1] u? +m (m — 1) [0, 2] nt; 
so that if we write 
B = 0 G, + CG, + es Gs + &e., 


the two terms w,* and u,v, will only enable us to form one equation with the 
c's, namely, c,=m. Again, instead of considering the entire coefficients 
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of Uus and mnu, it will be sufficient to take a single argument of either 
of these coefficients (in the forms to be compared), as for instance [0, 3] and 
[1,3]. Then c, being known, cs, €s will be determined; but for the purposes 
of verification I shall furthermore compute the whole of the coefficient of tnus. 


Accordingly, calculating the G system in reverse order, we have 
G= {[0, 5] —5[1, 4] + 10 [2, 3]} {tUs — 4u us + 3U} 
= {[0, 5] — 5 [1, 4] + 10 [2, 3]} mu,+..., 
E, f = (aa? + 2bay + cy”) E + 3 (bæ + 2cay + dy?) En 


+3 (cæ? + 2dæy + ey") En? + (da? + 2exy + fy’) n? 
Eo = &e. &e.; 


therefore 
T,= {(aa* + 2bæy + cy’) (Sa? + 2exy + ny’) — (ax + 2Bay + yy") (da + 2exy + hy*)} 
— 3 {(ba? + 2cay + dy”) (ya? + 2day + ey?) — (Ba? + Zyxy + dy?) (ca? + 2dæy + ey*)} 
=([0, 3]—3[]1, 2]) a+ (2 [0,4] + ...) ay + {[0, 5] + [1, 4] —8 [2, 3]} ay? + &e. 
The number — 8 results from the calculation 1 — 3 (4 — 1) = — 8. 

Again, 
E,Q = (wy? — 2u.ya + ua?) E — 2 (wy? — Qugya + wa) En 


+ (uwy? — Qugya + wa?) n?, 
therefore 


Q; = (my? — Zuya + uss?) (usy? — uyt + usa) — (Uy? — usys + uya 
= hU Yt — DUUY E + UWY + e., 


all the terms and parts of terms unexpressed being free of w, and therefore 
not necessary for our purpose. Hence supplying the reciprocal factors 


re Sar Sn 


we have 
G, = (0, 3] wus + ([0, 4] +) unus + 4 {[0, 5] +[1, 4] + [2, 3]} wus + &e. 
Again, expressing E, f and F,¢ in the usual way, we obtain 
T, = (axt + dba? y + 6ca*y? + dday*® + eyt) (Bat + deyaty + 68a%y? + texy? + ny") 
— (aat + 4B y + byat y? + Adwy? + ey") (bat + 4ca8y + 6day? + deny? + hy’) 
= (0, 1]a*+4[0, 2] ay + (6[0, 3] +) ay? + (4 [0, 4] +) ay’ 
+ ([0, 5] + 15 [1, 4] + 20 [2, 3]) aty* + &e. 


(where it may be observed that the numbers 15 and 20 in the coefficient of 
ay! arise from the quantities 4° — 1, 6? — 4°). 
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Again, 
Q, = X = wt + 8u ua y + 12 uay — Buy Use? y? + 2u uwt yt + &e. 
Hence supplying the multipliers 


walt ES E, 1 


3” 38” 56 +7: &e. 


1, 
we have 
G, =[0, 1] 2 + 4 [0, 2] tnus +42 [0, 3] tus + 4 [0, 4] mm 
+ zx ([0, 5] + 15 [1, 4] + 20 [2, 3]) uus. 
Again, the Bezoutiant 
B= 5[0, 1] u? + 2.10 [0, 2] unu + 2.10 [0, 3] uus 
+ 2.5 [0, 4] uuu +2 [0, 5] unus + &e. 
Accordingly, if we write B =c, G, + ¢;@, + ¢s@;, we have, as above remarked, 
c,=5; and to determine cs, €s, we have, by comparing the coefficients of 


Uus, UU, in B, Gi, Gs, Gs, ‘ 
20= 3 + 6s 


10 = 32 + ¢;. 


These two equations, then, as it turns out, are not independent, but are 
satisfied simultaneously by 


C, = $}. 

Finally, equating the coefficients of the several arguments in tuus, we have 
0=5x A+52x4+0¢, from the argument (0, 5], 
0=5x4$+42x4+5c, from the argument [1, 4], 

0 = 5 x 32+42 x 8 + 10c, from the argument [2, 3]. 

The first of which equations gives 

=2-+-3=H=3; 


C=F+e = $ 


the second gives 


and the third gives 

=H + F =F 
We have thus abundantly verified the accuracy of the calculation, and there 
results the relation 


B = 5G, + SOG, + RG. 
Lastly, let m= 6, 


J= aa! + Cha? y + Ldcaty? + 20dary + 15e yt + Bhoy’ + ly’, 
Q = ax + 6Bary + Liyaty? + 208a*y* + Ld5ea*y' + 6nay’ + ry’, 
Q = my — 5ugyte + 10ugy*a? — 10uy*a* + Sisya — tga. 
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I shall here confine myself to the determination of a single argument in 
each of the terms 1,2, Wro, UUs, UUs, UUs, UUs; this will be ample for the 
purpose of verification, as the equation to be assigned is of the form 


B = G+ Cs Gs + Cs Gs. 


The arguments which I select as the most simple, will be those expressed by 
the symbols (0, 1), (0, 2), (0, 3), (0, 4), (0, 5), (0, 6) respectively; then we have 


T, = (ax + by) (na + ry) F &e. — (ha + ly) (ax + By) 
= ([0, 5] +...) æ + ([0, 6] +...)ayt(...) ¥, 
Qs = (ty — Uo) (Uy — wx) F &e. 
= (th Ust...) Y — (Ug +...) YU+(...) 2. 
Hence supplying the binomial reciprocals 
1, -—4, 1, 
Gs =((0, 5] +...) wus +4 ([0, 6] +...) Urte + &e. 
Again, 
T; = (aa + ...) (ð + 3ea*y + 3nxy? + ry’) F Ke. 
— (da? + 3ex*y + 3hay? + ly?) (ax? +...) 
= ([0, 3] +...) aë + (3 [0, 4] +...) xy + (3 [0, 5] +...) aty? 
+ ([0, 6] +...) 2° + &e. 
Qs =(my* F &e.) (usy? F Susy? + 3us7a* — ugt’) — &e. 
= (UUs +...) Y? — (Buty + ...) Ya + (Bt Us +...) yA? — (UUs +...) yea? + &e., 
and the reciprocal binomial multipliers will be 


-1 +1 <1 


Lae LE 
PR yee: Bia 


&e. 
Hence 
G = [0, 3] urus +$ (0, 4] w+ [0, 5] mas + sty [0, 6] nus &e. &e. 
Finally, 
T, = (aa* + &e.) (Ba + Syaty + 1082y? + 10ea%y? + 5nay* + ry’) — &e. 
=([0, 1] +...) a” +5 ([0, 2] +...) ay + (10 [0, 3] +...) a°% 
+ (10[0, 4] +...) ay + (5 [0, 5] +...) avy +([0, 6] + s.) wy? + ke. 
Qi = 07 = wy + (LOU, Us +...) ya + (20, Uy + vee) Ya? + (20U, Uy +...) ya? 
+ (10%; ts +...) Yat + (Zits + «..) ya? + We. ; 
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and supplying the numerical series 


ME) ata: seen ihe De eas 
+ “10? 45° 190°! 210° 252° *™ 
we have 

G, = (0, 1] uw? + 5 [0, 2] unt +42 [0, 3] wu, + [0, 4] mm 


+ 35 [0, 5] wus + 745 [0, 6] uu, + Ke. 
Again, the Bezoutiant 


= 6 [0, 1] u? +30 [0, 2] uus + 40 [0, 3] u, us +30 [0, 4] wu, 


+12 [0, 5] uus + 2 [0, 6] uus + &e. &e. = B. 
Hence making 
B= c G, + ¢; G+ ¢ Gs, 


from un? and wt, we obtain respectively 


hence from uu, and u,u, we obtain respectively 


240 + ¢,= 40 rare 
ey Rage ee > 


hence from uu; and tyus we obtain respectively 
6x #+42%+0,= 12, that isc, = 12-8 -— 4} = 4, 
6 x she + 40 +40, 2, that is o,= 2-3-7, =F; 


G =1f, 


hence 


and the equation sought for is 
B= 6G, + 42G + IAG. ; 
Art. 71. The following table exhibits the relations between the 


Bezoutiant and the correspondent system of Co-bezoutiants for all values 
of m between 1 and 6 under a synoptical form. 


m= l, B=G,, 
m=2, B=26,, 
m = 3, B=36,-4G,, 


m = 4, B= 4G, + 184;, 
m=5, B=5G,+42G,+3G,, 
m = 6, B = 6G, + 42G, + IAG. 
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These series could if wanted be easily extended, and the calculation of the 
coefficients reduced to a mere mechanical procedure. 


If we suppose m to be 2i or 2i—1, we have the equation 
B= Cy Gi + Cs G + ... + C2i—1 Gai, 


and it appears from the foregoing instances that the comparison of the 
coefficients, either of wu, or of wu, on the two sides of the equation, 
will serve to give c, (m being known), c may be found by a comparison 
of the coefficients either of Urus, or of Uui, and so on for Cs... Cni; 
all the coefficients in the equation for B above given, thus admitting of being 
found separately and successively and in two modes, so that there is a check 
at each step upon the correctness of the computations: the only exception 
to this last remark is (when m is odd) for the last coefficient of which the 
above condensed method affords only a single determination. I need hardly 
add the remark, that in substituting #”—, v™—~y,... cy", y"— in place of 
Uys Ug +++ Um—1y Um respectively, all the G’s become (to a numerical factor près) 
identical with one another and with the Jacobian to the system (f, ¢). 


Art. 72. The foregoing theory took its origin (as will have been readily 
imagined) in meditations growing out of the celebrated theorem of M. Sturm. 
There appear to be several directions in which a development or extension 
of the subject matter of that theorem may be sought for. Thus a theory may 
be constructed relative to a single function of one or more variables, viewed 
in all cases as representing a geometrical locus. In the limiting case, when 
this locus becomes a system of points in a right line, we have the theorem 
of Sturm; generally the theory will be that of contours. Or, again, a theory 
may be formed in which the number of functions is always kept equal to that 
of the variables. We have then a theory of discrete points corresponding 
to roots, the number of real ones of which comprised within given limits 
it is the object of such theory to determine. M. Hermite, in a memoir 
recently presented to the French Institute, appears to have made a valuable 
addition to the Sturmian theory extended in this direction, to which the 
beautiful researches of M. Cauchy and the joint labours of MM. Liouville and 
Sturm, with reference to the disposition of the imaginary roots of equations 
appear to have led the way. Finally, the number of variables may be supposed 
to be arbitrarily increased, but made always inferior by a unit to the number 
of the functions in which they are contained, or which comes to the same 
thing, we may construct the theory of a system of homogeneous functions 
equal in number to the variables in them, which in its simplest case becomes 
the theory of Intercalations which has been here partially considered, and 
which (as has been shown) embraces (not as a particular case, but as an 
implied consequence and easily extricated result) the theorem of M. Sturm. 
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General and Concluding Supplement. 


Art. (N). The expressions given in Art. (n) [p. 507 above] for the partial 
quotients of the continued fraction represented by E are restricted to the 


supposition of all these partial quotients (except the first) being linear in @; 
when the first partial quotient is linear the formula (B) of that article continues 
applicable on replacing (D;hg) by 1. I was forcibly struck by the peculiarity 
of these formule not ceasing to be true in consequence of the first partial 
quotient being supposed non-linear; and reflecting upon this, I was soon led 
to perceive that all the partial quotients might be supposed to be arbitrary 
integral functions of v, and the formulz would still continue to apply to 
any such of them as might happen to be linear, although, as it were, imbedded 
among a group of other non-linear partial quotients. From this it was but 
an easy step to perceive that the formule (A) and (B) must admit of extension 
to the representation of partial quotients of any form, and that the dimorphism 
of the representation of the linear partial quotients could only be a consequence 
of the equation in integers u+v=1 having two solutions u =0, v=1 and 
u=1, v=0. I now proceed to enunciate the very remarkable general 
theorem (or as it may perhaps not inappropriately be termed Algebraical 
Porism), by virtue of which any partial quotient of a given degree in # 
belonging to an infinite continued fraction, all of whose partial quotients are 
algebraical functions of æ, may be expressed to a constant factor près, by 
means of the numerator and denominator (or if we please either one of these) 
of the convergent immediately antecedent to and of the numerator and 
denominator of any convergent not antecedent to the partial quotient which 
is to be determined. 


Art. (3). Theorem. Let Qi, Qo... Qir Qir ++» Qn, &e. each of an arbitrary 
degree in æ, be the n first partial quotients of an algebraical continued 
fraction ; let Q;,, be the partial quotient to be determined and of the given 
degree wi+ı; let 

Barigoair kup kinik 
Q-2--"" Q: fi(x) 
$ CS ie a E G IA 
ni Q- Q- Qs — Ri- Vier Qa F(x)’ 
let u and v be any couple of integers of the w;,, + 1 couples which satisfy the 
equation v+ U= @j415 then, as usual, denoting the product of the differences 
of each of one set of terms from each of another set, by writing the former 
under the latter, and calling M, Nz --. Na the u roots of ® (x), and h, hy... hm 
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the m roots of F(x), (® and F being supposed respectively of u and m 
dimensions in «), and forming the disjunctive equations 


6, é., 6; aoe Give Py, 2, Bie. pe 
i, te, ts wee | ay Y om 3 coe M 


we have the following equation, wherein ¢ and f are written for ġ; and fi, 


id ok Ray fonna, ss ht FX e Phn -Jha 


T Ney ei 3 ig Vins nites hy 


wh » Nog + nl Ie > he, eee a 
NOy41> Noya °° Nop News, , hius tee heyy 
x {(@ — na) (@ — Ne,) «+» (& — No,)} (0 — he, ) (@ — Nyy) «+. (£ — hua} , 


and moreover the different values of K,,, depending upon the different modes 
of breaking up @;,; into two parts u and v are all (to a numerical factor près) 
equal to one another. Thus then the theorem pointed at in Art. (p) is 
discovered, and the way laid open (by an unexpected channel) for a complete 
discussion of the theory of the singular cases which may occur in the 
expansion of any rational algebraical fraction under the form of a continued 
fraction. 


Art. (3). In the above expression, if we suppose @;,,=1, we have u=1 
and v = 0, or u = 0 and y=1, and remembering that 


h 
p TN aSa ya h.. wl" Fn, 


hi | 7 he | , 
1 = F’h d = 
oe hey +++ Ney ov Naz» Nes +++ Noy Me 


Qi1, becomes by virtue of the general formula representable under either 
of the equivalent forms 


KyaSe{ ne) git (e- mdf and Kyo S!{( Fhe) p @ = Moh 


K,, and K,» being either equal, or differing only in the sign, agreeably to 
the formule (A) and (B) [p. 508 above]. 


Art. (1). It may be worth while to notice, that, although (of course) 
these formulz and the general formule of Art. (3), when supposed converted 
into functions of æ and of the coefficients of F and of ® by the reduction, 
integration and summation of the symmetrical functions of the roots which 
eater into them remain universally valid, and subject to no cases of exception, 
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yet antecedently to these processes being performed the formule as they 
stand may become illusory when any relations of equality exist between the 
roots of ® inter se, or between the roots of F inter se. Thus in the case before 
us, if ® have equal roots the formula commencing with K, is illusory, and 
if F have equal roots the other of the two formule becomes illusory. 


Let us take the second of these and suppose that F (æ) has 
ki roots ¢,, ky roots c,... kp roots Cp, 


we may pass to the actual case from any case where the roots are infinitesi- 
mally near to the actual roots of F (æ), and all infinitesimally different from 
one another. Moreover the choice of the infinitesimal variations being 
arbitrary, let the k, roots c, be replaced by a group of roots 


+Ò, G+ dpi, Cı + Sp? oe GQ òp, 


where p, is a prime root of the equation p% =0, and 6 is an infinitesimal 
quantity, and suppose each of the other groups to be varied in an analogous 
manner. Then it may easily be shown from this that the second of the 
formule in question will become 


(SY ear a) @— 00) 
ioe 
k 


and similarly, the twin formula becomes 
d \*-1 
(5) (Chye) (Frye) (£ — Ye) 


( i) Pye 


Corresponding modifications will admit of being made by aid of a like 
method in the general formulæ of Art. (3) upon a similar supposition as to 
equalities springing up between the roots of fæ per se and of ¢ (2) per se, 
or between the roots of fx and gz inter se. 


* 


kui 
Ka > Kg 
6=1 


* For in general if pis a prime root of the equation p”=1, and if fx have w roots all equal 
to c and yz is any other function of æ and if 6 is an infinitesimal quantity, then rejecting all 
powers of 6 higher than the (w—1)th degree, 

v(c+d)  ¥(crpd) ylety e+p) 
T et S etph) Jeke  f' (e+ p*-*8) 
1 
T PAPE AN a (c + pò) +p? (c+ p%8) +... +p! y (c+ p®? 8)} 
fear l 


&| 
O 


gaa, 
ee 
€ 
L 
€ 
S 
€ 
& 
£ 
L 
PTa 
Sa 
D 
aa- 
€ 
< 
6 


as 
S| ajS]a 
E 
> 
5 
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Art. (7). If in Art. (3) we take i = 0, the formula for Qi}, will become 
be Nee spi ge x hae he, oer “ig 
Q ts K Bigs. s Regus pes hen, Ney+1? Nappo ++ Ney 
i a bee Nog sss iy ý Fid | Or a 
Nayti? Myre °° Mou heyy Neuss eee ht 
x {(w ay 6) ae (x et no,)} {(@ es ha) ote (æ Fl hiu)}, 
u and v being any two integers whose sum is œ, which is identical (as it 
ought to be) with the expression virtually contained in the formulæ of 
Section II. for the syzygetic multiplier of ® (x) in the syzygetic equation 


connecting Fx and x with their first residue when @z is supposed to be w, 
dimensions in æ lower than Fe identical, videlicet, in other words, with the 


integer part of the algebraical fraction eu 2. 


Art. (}). When ® (a) = F’ (2), 


E ha), OE a P Cue becomes identical with (—)! ii) “41 Eha, ha... en 
n wiy 
AI | ERU, eee hin 


and we may consequently (using an extreme term in the forms in the 
polymorphic scale of forms representing Qi+ı), write 


Qia = (1) er tr Kou 26 (n, ħa oe hor) (Sir? (fee)... 
(Fiho)? (@ — h) (@ — ħa) ... (@ — hoa). 
Art. (1). The following observations will serve to complete the theory of 
the singular cases in the expansion of an algebraical continued fraction. 
Preserving the notation of Art. (3), let 
o=m-— (w twt... + wit 1). 
tig (calling the roots of Fa, hi, hy...hm) the (2)th simplified residue to 


oe in accordance with the general formule for the residues in the second 


section (for greater simplicity selecting an extreme term of the polymorphic 
scale), will be represented by 


Phi, Pha, Phs ... Phe, 
D eard ae aha] hy) (w — hs) (@ — hg) «.. (@ = hay); 
T A Biten hste; hin 
which will be of the form L;a%-%*+ + &c., all the terms containing higher 
powers of æ vanishing by the coefficients becoming zero. If in the above 


expression we should use g'in lieu of o;, where o;' is o; diminished by any 
integer inferior to w;, we should get other forms of the same residue, but 
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these will all be of higher dimensions in the roots or coefficients than 
the one just given, and in fact the forms thus obtained corresponding to the 
values o;, ci — l, 0; —2... 0; — wi + 1 substituted for ø; in succession, would, 
by aid of the relations of condition between the coefficients of Ov and Fe 
implied in the value of w;, admit of being exhibited as a scale in which each 
form would be an exact algebraical product of the form which precedes it, 
multiplied by a function of the coefficients, and did space permit thereof 
it would be perfectly easy to give the forms of these multiplicators. But 
I pass on to the representation of what is more material, namely, the form 
of the complete residue in the case supposed, merely observing (as an 
obiter dictum) that the existence of each singular partial quotient (meaning 
thereby a quotient non-linear in æ) only affects the form of the single 
simplified residue in immediate connexion with itself, and not at all the form 
of the other residues antecedent or subsequent to that one. 


Art. (m). Let the ith simplified residue be called R; and the correspond- 
ing complete residue [R;], then applying a method similar to the method 
given in Section I., we shall find that 


Eres Ses? Boo. 
-Y [R] = i-2 i-4 Ri, 
(r): Ha prae pppn &e. 


L; representing the leading coefficient in the ith simplified residue, and the 
sign of interrogation (?) denoting some function of w, œs... w; (possibly a 
constant) remaining to be determined. And reverting to Art. (3), the 
quantity that would be called K,,,, according to the notation employed in 
the formule expressing Q;,, in that article, will (abstraction being made of 
the algebraical sign and using for greater brevity (+), (+ — 1), &c. to express 
1+ ;, 1+ 4, &c.) come to be represented by 


(t—1) 4(t—3) 7 4(t—5) 
Ley Lig Lies &e. 
DP Lik” List” &e. 


a similar convention being supposed to be made respecting the numerator 
and denominator of each convergent as was made respecting them in the 
particular case treated of in Art. (f), page [502]. 


Art. (%). I will merely add a very few words in generalization of the 
method of limiting the roots of fx given in the Supplement to the fourth 
Section [p. 528 above]. As an inferior limit to fw is identical with a 
superior limit to f(—), we may confine our attention to superior limits 
alone. Suppose then that 


CR) eB i br of eB io Sh A} et Sap Bae 
Se Q-Q Q&A -— B= Ne Q) — (Qa - O 
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where the partial quotients Q are each of any arbitrary degree in æ, and have 
all one algebraical sign in the coefficients of the highest powers of « from Q, 
to Q;, and all the same sign (contrary to the former), in the coefficients of 
the highest powers of æ from Q; to Q’;, and so on alternately, then firstly 
a superior limit to the superior limits of the cumulants [Q,, Q.... Qi], 
[Q Qo... Vv], -Ch (Q --- (Q)w] will be a superior limit to fz, so that it 
remains only to give a rule for finding a superior limit to a cumulant 
[Q:, Q Qs... Qi], which, secondly, is to be found by making 

Q,- M, =0, Q. — M. =0, Q;- M,=0 vee Q:- M: =0, 

1 1 1 

where M, =p, eB hey a i Be Re 
jhn, H2... Mi being any quantities entirely independent and arbitrary except 
in regard to their being all of the same sign as the leading coefficients in the 
elements Q,, Q: ... Qi. 

‘We may then find Z,, Z,... L; any superior limits to the roots of æ in 
these 7 equations respectively; L, the greatest of these, will be a superior 
limit to the proposed cumulant [Q,, Q... Q;]; and it may be observed that 
M,, M, ... M; are the general values which satisfy the equation 


1 1 1 


M-m, Me 
subject to the condition that for all values of e 
1 1 1 1 


= Ar A i 
shall have a given invariable sign. The first part of the process, as just 
shown, consists in separating the type of the total cumulant which represents 
fe into partial types, the point for each fracture of the total type being 
marked by a change of sign in the elements of the type for the value 


‘te i ; 1p Pa. ; 
æ=+ 0; it is easily seen therefore from this, that if Te is the generatrix 


of the cumulant in question, the number of such fractures (that is, the 
number one less than the number of partial cumulants) will be the number 
of changes of algebraical sign in the signaletic series, consisting of the 
leading coefficients in Fa and in each of the odd-placed complete residues 
respectively, together with the number of changes of sign in the signaletic 
series, consisting of the leading coefficients in Ps and in each of the even- 
placed complete residues respectively. 


The syzygetic theory of two algebraical functions, and the allied theory 
of algebraical continued fractions with their principal applications, may, 
I think, now be said to be completely made out, as well for the singular 


cases as for the general hypothesis. 
S. 37 
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Art. (*). I will conclude with observing that the theory within developed 
gives the means of transforming (explicitly and without the aid of sym- 
metrical functions) into an algebraical continued fraction, any given sum of 
algebraical fractions of the form 

i Co 
pont æ— TENT æ— STĂ æ — TA f 


where each c and h is supposed known. For let the above sum be called 


+e + 


k , then if ho, Co be used to denote any pair of corresponding terms of the 


h series and the c series, we have e = C, aS is well known and easily 
ð ) 
proved. Again, if D;a represent the simplified denominator of the ith con- 


vergent to the continued fraction equal to je which is to be found, say 


Fa 
1 1 1 
(A;a + B) — (4s + B)— (Anet Bp)’ 
we have [p. 476 above] 
Ph, Ph, .. one 
Dix = > h, he 
hiss, kah * 


‘€D £(hy, ho... hi) Phy, Phy ... Ohi 
Sse SP Ou hah) Bh Wh Dh h) (a h). eh) 


+ (æ — h) (@ — hy)... (@ — hi) 


wy TS I eye, ... Ci (ħa, hy... hi) (æ — In) (@ — ħa) ... (a — hy}. 
Therefore 
(Dghy)? = 1 (C103 -o Cip) © (has hg «++ rigs) (ħi — ħa) (a — hs) «.- (ħa — Figs) }? 
= (È (CoC ..- Cipa) C2 (Ry, ha o. higi) EÈ (ha, hg.» Irina}; 


and the simplified (i + 1)th quotient, that is, the value of Aie + Biyı, when 
divested of the allotrious factor, has been proved [cf. p. 508 above] to be equal to 


5 (Dih) pp (eI) 


it is therefore now known as a rational and integral function of æ; hy, ha... ħn; 
Cı, Cg++. Cn. The allotrious factor itself is made up of the product of squares 
of quantities all of the same form as the leading coefficient in D,«, which, 
from what has been shown above, is seen to be equal to 


i-1 
(-) 2 2 {(c1Ca oes c;) E (hi, ha is hi)}. 
Hence each term in the continued fraction 


1 1 1 
(A,a+B,)— (A,a + B,)—""* (Ant + Bn)’ 
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which is to be made equal to 
Cı Co Cn 
$k iain rca 
is completely assigned in terms of æ and the given quantities c and A. 


Art. (5). The number of effective intercalations between the roots of 
a, Fx is easily seen to be equal to the excess of the number of positive 
real numerators over the number of negative real numerators in the partial 


fractions of which —— is the sum, and hence we see @ priori, as an obvious 


Fa 


consequence of a simple extension of the reasoning in Art. 47 [p. 515 above], 
that the inertia of the quadratic function 


> fos (u + houo + hers +... +g” Un? a ) £ 
gm- hg 


Ph ; ; ; 
where ce = Fhe will represent the value of the index in question. So too 
0 


we may see that the formule given for the residues to fx, f'æ in Art. 46 
continue to apply to the residues Fa, Pz. That is to say, these residues 
when divided out by Fe will be respectively represented by the successive 
principal coaxal determinants to the matrix 


So, S,, K eee h 


: Boy ad, Bears eee N RNS 
where in general 


C 
AE A 
xv 


—h, 
and using the same matrix as above written with S’ substituted for S, where 
in general 

SN = 0 (æ— h) h” + co (a — ħa) hð t... + Cn (@ — hn) hy’, 
the successive principal coaxal determinants of the new matrix represent the 
successive denominators to the convergents of the continued fraction which 


0o PLS RS oY 
æ 


Pe 
expresses Fe’ 


The expression for the numerators to the convergents may also, there is 
no doubt, be obtained by some simple modification (dependent on intro- 
ducing the quantities ¢,, Ca ... Cn) of the formula in Art. 41, p. [492]. 

I annex, more with the hope of suggesting than (in all instances) of 
conveying a full conception of the force of the definitions, a Glossary, or 
rather a Repertory of the principal terms of art employed in the preceding 
pages, which might otherwise be apt to occasion some difficulty to persons 


unfamiliar with the subject. 
37—2 
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GLOSSARY OF NEW OR UNUSUAL TERMS, OR OF TERMS USED IN A NEW 
OR UNUSUAL SENSE, IN THE PRECEDING MEMOIR. 


Allotrious.—The allotrious factor to a residue or quotient in the process of 
common measure applied to two algebraical functions is the constant factor of 
which such residue or quotient must be divested in order to become an integral 
and irreducible function. 


Apocopated.— Applied to a type in the Theory of Cumulants, denotes a type the 
final or initial element of which has been taken away. If both are taken away, 
the type is said to be doubly apocopated. 


Bezoutic.—For definition of Primary and Secondary Bezoutics see first Section. 
Bezoutiant to two functions, each of degree n, is a homogeneous quadratic invarian- 
tive function of n variables, the form of which serves to assign the index of the 
scale of the effective intercalations of the real roots of the two given functions. 


Bezoutoid.—The Bezoutiant to two homogeneous functions obtained by dif- 
ferentiation from one homogeneous function of two variables. The Bezoutoid to a 
given function of m dimensions in the variables is accordingly a quadratic function 
of (m—1) variables, the form of which is sufficient for determining the number 
of real roots in the given function. 


Characteristic.—The employment of this word has been avoided in the pre- 
ceding memoir; but as it contains an idea of capital importance in analysis, and 
especially in all inquiries of the kind here treated of, I subjoin the definition of 
its meaning. The characteristic of a simple condition of any kind is the rational 
integral function (in its lowest terms) whose evanescence necessarily and uni- 
versally implies and is implied by the satisfaction of such condition. A simple 
condition has always a single characteristic, abstraction being made of the alge- 
braical sign, which remains indeterminate. In like manner, a multiple condition, 
or a system of conditions, will have for its characteristic a plexus of rational 
integral functions, whose evanescence necessarily and universally implies and is 
implied by the satisfaction of such multiple condition or system of conditions. 
The number of functions in the characteristic plexus will however in general 
greatly exceed the index of the multiplicity of the conditions, and need not always 
be a unique system, There are however exceptions to this: thus the duplex 
condition, that a biquadratic function of œ shall contain a cubic factor, or that a 
curve of the third degree shall have a cusp, will each be definitely characterized 
by a plexus of two functions, and no more. 


The spirit of the higher analysis resides, and is to be sought for, in the logic 
of characteristics. 


Co-bezoutiant.—Any homogeneous quadratic function similar in form and in 
its property of invariance to the Bezoutiant. 
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Cogredient and Contragredient.—A system of variables is cogredient to another 
system when it is subject to undergo simultaneously therewith linear substitutions 
of a like kind, and contragredient when it is subject to undergo linear substitutions 
simultaneously therewith but of a contrary kind. 


Combinant.—A function of the quantities appearing in a given set of functions 
which remains unaltered as well for linear substitutions impressed upon the 
variables as for linear combinations of the functions themselves. 


Concomitant.—Nomen generalissimum for a form invariantively connected with 
a given form or system of forms. 


Conjunctive.—A. syzygetic function of a given set of functions. Any function 
which universally, and subject to no cases of exception, vanishes when a certain 
number of other functions all vanish together must be a conjunctive (that is 
a syzygetic function), or a root of a conjunctive of such functions. But if its 
vanishing is subject to cases of exception, then all that can be predicated of it 
is that it is syzygetically related to such functions, but it may, and usually does 
happen, that it will be syzygetically related to them in more than one way. 


Contravariant.—-A function which stands in the same relation to the primitive 
function from which it is derived as any of its linear transforms to an inversely 
derived transform of its primitive. 


Covariant.—A function which stands in the same relation to the primitive 
function from which it is derived as any of its linear transforms to a similarly 
derived transform of its primitive. 


Cumulant.—The denominator of the simple algebraical fraction which expresses 
the value of an improper continued fraction. See Type, infra. 


Determinant.—This word is used throughout in the single sense, after which 
it denotes the alternate or hemihedral function the vanishing of which is the 
condition of the possibility of the coexistence of a system of a certain number 
of homogeneous linear equations of as many variables. 


Dialytic.—If there be a system of functions containing in each term different 
combinations of the powers of the variables in number equal to the number of the 
functions, a resultant may be formed from these functions by, as it were, dissolving 
the relations which connect together the different combinations of the powers 
of the variables, and treating them as simple independent quantities linearly 
involved in the functions. The resultant so formed is called the Dialytic Resultant 
of the functions supposed ; and any method by which the elimination between two 
or more equations can be made to depend on the formation of such a resultant 
is called a dialytic method of elimination. In such method accordingly the process 
of elimination between equations of a higher degree than the first is always reduced 
to a question of elimination between equations which are of the first degree only. 


Discriminant.—The resultant of the n differential coefficients of a homogeneous 
function of n variables. See Resultant, infra. 
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Disjunctive. —A disjunctive equation is a relation between two sets of quantities 
such that each one of either set is equal according to some unspecified order of 
connexion with some one of the other set. 


Effective scale of intercalations is the series of the real roots of two functions 
of æ written in order of magnitude after repeated processes of removing pairs of 
roots belonging to either the same function (when not separated by roots of the 
other function): the roots of the two functions follow each other alternately. 


Efflwent.—¥From every homogeneous function of any number 7 of variables of 
the degree mm’, where m, m are any two integers, may be formed (as shown in the 
Calculus of Forms, Section II.) a covariantive function of the degree m and of p 
variables, where p is the number of permutations that can be obtained by dividing 
m' into i parts (zeros admissible), in which all the coefficients are numerical 
multiples of the given coefficients ; covariants so formed may be termed effluents 
of their primitive. An example of this occurs in the footnote to Section V., 
[p. 557], where the quantity there called Q is a quadratic effluent of the Jacobian. 


Element.—A simple component of the type to a cumulant. See Cumulant, 
supra. 


Emanant.—The result of operating any number of times (suppose 7 times) upon 
a given homogeneous function of any number of variables æ, y, z ... ¢ with the 
operative symbol 


is called the ith emanant of the function operated upon. Every emanant is a 
covariant to its primitive, the new variables 2’, y’, z...¢’ being cogredient with 
the variables æ, y, z...¢ with which they are respectively associated. Laif, 
Ezib, page [561], are emanants of f and ¢. The process of emanation is one of 
incessant occurrence in the theory of invariants. When the order of the emanant 
is the same as the degree of the function (supposed to be rational and integral) 
from which the emanant proceeds, the form of the original function is repro- 
duced in the final emanant, the names only of the variables being changed. 


Endoscopic, Exoscopic.—When the coefficients of the functions concerned in 
any investigation are regarded as integral indecomposable monads, the method 
is called exoscopic, and endoscopic when the coefficients are treated with reference 
to their internal constitution as composed of roots or other elements. 


In addition to the examples in the footnote to Section I.*, these words have a 
marked and most important application in the theory of Invariants, especially 
of two variables. 


Form.—Any function may be regarded as an opus operatum; the matter 
operated upon being the variables, and the substance of the operations being the 
form, which resides in the function as the soul in the body. A form is always 
common to an infinity of functions, but for greater brevity may be and frequently 
is called by the name of some specified function in which it is contained. 


[* p. 431 above.] 
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Fundamental.—The fundamental scale of a system of Invariants or Concomitants 
is a set of the same, whereof every other is a Rational Integral Function. 


Hessian or Hessean, named after Dr Otto Hesse, of Königsberg (the worthy 
pupil of his illustrious master, Jacobi, but who, to the scandal of the mathematical 
world, remains still without a Chair in the University which he adorns with his 
presence and his name), is the Jacobian to the differential coefficients of a homo- 
geneous function of any number of variables. It is to a Jacobian what a Bezoutoid 
is to a Bezoutiant, or a Discriminant to a Resultant. 


Hyperdeterminants.—See Memoir of Mr Cayley, Cambridge and Dublin 
Mathematical Journal, May 1845, and Crelle’s Journal of about the same date. 


Improper continued fraction is a continued fraction differing only from an 
ordinary one in the circumstance of negative signs being substituted for positive 
signs to connect the terms. 


Inertia.—The unchangeable number of integers in the excess of positive over 
negative signs which adheres to a quadratic form expressed as the sum of positive 
and negative squares, notwithstanding any real linear transformations impressed 
upon such form. 


Intercalations.—The theory of intercalations is the theory of the relative 
distribution of the real roots, or point-roots, of two or more equations, but in this 
theory the number of roots mutually interposed is to be taken only with reference 
to the number 2 as a modulus. 


Invariance.—The property (under prescribed or implied conditions) of re- 
maining invariable. 


Invariant.—A function of the coefficients of one or more forms which remains 
unaltered when these undergo suitable linear transformations. 


Inverse.—The inverse to a given square matrix is formed by selecting in its 
turn each component of the given matrix, substituting unity in its place, making 
all the other components in the same line and column therewith zero, and finally 
writing the value of the determinant corresponding to the matrix thus modified 
in lieu of the selected component. If the determinant to the matrix be equal 
to unity, its second inverse, that is the inverse to its inverse, will be identical, term 
for term, with the original matrix. 


Jacobian.—The Jacobian to n homogeneous functions of n variables is the 
determinant represented by the symmetrical collocation in a square of the n 
differential coefficients of each of the n functions. 


Kenotheme.—A finite system of discrete points defined by one or more homo- 
geneous equations in number one less than the number of variables contained 
therein. 


Limiting Series.—One set of quantities whose extreme values are exterior to the 
extreme values of a second set is set to limit the latter. 


Matrix.—A square or rectangular arrangement of terms in lines and columns. 
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Minor Determinant.—Any determinant retained represented by a square group 
of terms arbitrarily chosen out of a matrix is a minor determinant thereto. The 
simple terms of the matrix are the last minors, and of course if the matrix is 
a square, it will itself in its totality represent a single complete determinant. 


Monotheme.—A line, or finite system of lines, defined by one or more homo- 
geneous equations two less in number than the number of the variables contained 
therein. 


Order.—The orders of a homogeneous function are the linear functions of the 
variables the least in number by aid of which the function admits of being 


expressed. 


Persymmetrical.—A symmetrical matrix, in which all the terms in the diagonal 
bands transverse to the axis of symmetry are identical, is said to be persymmetrical. 
Example. An addition table. 


Quadrinvariant.—An invariant of which the terms are quadratic functions 
of the coefficients of the primitive. 


Relation (simple and compound). Vide Substitution, infra. 


Resultant.—The resultant of n homogeneous general functions of n variables 
is that function of their coefficients which, equated to zero, expresses in the 
simplest terms the condition of the possibility of their coexistence. 


Rhizoristic.—A rhizoristic series is a series of disconnected functions which 
serve to fix the number of real roots of a given function lying between any 
assigned limits. 


Signaletic.—A signaletic or Semaphoretic series is a sequence of disjunctive 
terms, considered solely with reference to the-algebraical signs of plus and minus 
which they respectively carry. 


Singular.—A proper algebraical function of a given degree, n, in one variable 
in its most general form, will, in respect to that variable, be of the nth degree 
in the denominator and the (n —1)th degree in the numerator, and will admit 
of being represented by a continued algebraical fraction of n terms, all of them 
linear. 

But for particular values of, or relations among, the coefficients entering into 
the given fraction this mode of representation fails, and the continued fraction, 
instead of consisting of linear terms n in number, will consist of terms, some of 
them at least, non-linear, and fewer than n in number. These then are the 
singular cases (or cases of singularity) in the theory of the development of an 
algebraical fraction under the continued fraction form ; and it will be seen that 
according to this definition the case of the development of any proper algebraical 
fraction in which the degree of the numerator is more than one unit below that of 
the denominator, belongs (strictly speaking) to the class of singular cases; and 
this view of the case supposed is perfectly correct and conformable to the analogies 
of the subject. 


www.rcin.org.pl 


57 | of two Algebraical Functions. 585 


Substitution (linear, similar or contrary).—A linear substitution is said to be 
impressed upon a system of variables when each variable is replaced by a linear 
conjunctive of all the variables. The matrix formed by the coefficients of sub- 
stitution arranged in regular order is called the Matrix of Substitution, and is of 
course a square. When two substitutions (impressed on two systems of variables) 
have the same matrix, they are said to be similar, and contrary when their matrices 
are contrary, that is mutually inverse to each other. When two systems of 
variables are supposed to be subject to the condition that their substitutions 
are always similar or always contrary, they are said to be related or in simple 
relation, the relation being of cogredience in the one case and of contragredience 
in the other. 


When a linear substitution is impressed upon a system of independent variables, 
a corresponding linear substitution is necessarily impressed at the same time upon 
every complete system of homogeneous combinations (that is, products and powers 
and products of powers) of these variables, the matrix to which latter substitution 
will consist of terms which will be functions (depending upon the degree of the 
homogeneous combinations) of the terms of the matrix to the primitive substitution. 
This matrix may be termed a compound matrix, having the primitive matrix 
for its base. 


If, now, two systems of independent variables are subject to be synchronously 
impressed with substitutions, the matrices to which (not being both of them simple 
matrices) have for their bases matrices which are either similar or contrary, these 
two systems will be said to be in compound relation of cogredience in the one case, 
and of contragredience in the other. 


Syrrhizoristic.—A syrrhizoristic series is a series of disconnected functions 
which serve to determine the effective intercalations of the real roots of two 
functions lying between any assigned limits. 


Syzygetic.—A syzygetic function or conjunctive of a number of given rational 
integral functions is the sum of these affected respectively with arbitrary functional 
multipliers, which are termed the syzygetic multipliers. Whena syzygetic function 
of a given set of functions can be made to vanish, they are said to be syzygetically 
related. 


Transform,—Equivalent to the French noun substantive “transformée.” 


Type.—The type of a cumulant is the series of the simple elements (or quotients), 
arranged in a fixed order, of which the cumulant is composed. 


Umbral.—The umbral notation is a notation according to which simple 
quantities are denoted by syllables, instead of by single letters (the composition 
of these syllables being governed by the mode in which the quantities which they 
express are obtained); and the single letters of such syllables are termed umbral 
quantities or umbræ. 


Weight.—In this memoir (throughout the earlier sections) the weight of any 
quantity composed of the product of the coefficients of any given function or 
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functions of æ is used to denote the number of roots of « appertaining to the given 
function or functions which must be employed to express such quantity. More 
generally, when dealing with a system of homogeneous functions, the weight 
of a quantity may be defined with respect to any selected variable therein as the 
sum of the weights in respect to such variable of the several coefficients of which 
the quantity is composed (the weight of each several coefficient meaning the index 
of the power of the selected variable in that term of the given function or functions 
which is affected with such coefficient). These two definitions of weight may be 
perfectly well reconciled with each other by understanding the weight of a quantity 
formed from the coefficients of a function or system of functions of x to mean the 
weight, in respect to wnity, of such quantity when the given functions are treated 
as homogeneous functions of x and 1. 


Zeta.—The symbol ¢ (preceding a row of bracketed terms) is used to denote 
the product of the squared differences of the terms which it affects. 


[ ]. A bracket of this form, when enclosing a superior and an inferior row 
of terms m and n in number respectively, indicates the mn products of the 
differences obtained by subtracting each term in the second row from each term 
in the first row; when enclosing an arrangement of terms in a single line, it is 
used to denote the cumulant of which such an arrangement is the type. 
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